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Part 1

Group Theory



We will start with a review of basic concepts and results in group theory, then go
deeper into topics including group actions and free groups, introducing some of the
language of category theory along the way.

1 Basic definitions, properties and examples

DEFINITION 1.1 A group (G,x) is a pair consisting of a set G together with a a binary
operation * on G, i.e. a function

GxG — G
(g,h) — gxh~’
such that the binary operation satisfies:
(i) *is associative, i.e. g * (hxk) = (g« h)xk for all g,h,k € G;
(ii) * has an identity element, i.e. there is an element e € G such that e x g =
gxe=g forall g € G,
(iii) every element g € G has an inverse with respect to *, i.e. an element h € G
suchthat gxh=hxg =e.

When the binary operation is clear from the context, we often denote a group (G, )
simply by its underlying set G. The binary operation is also referred to variously as
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“product”, “multiplication” or “composition”.

EXAMPLE 1.2 The most familiar groups are the sets Z (the integers), Q (the rational
numbers), R (the real numbers) and C (the complex numbers) with the usual addition
operation +.

EXAMPLE 1.3 The sets of non-zero rational numbers Q*, real numbers R* and complex
numbers C* are groups under the usual multiplication operation x; the set of non-zero
integers' is not a group under multiplication (for lack of inverses).

EXAMPLE 1.4 The set GL,(R) of invertible real n x n matrices (for any positive integer
n) is a group under multiplication, as is SL,,(R) (the set of such matrices of determinant
1). Similarly we have other matrix groups, such as SL,,(Z) or GL,(C).

EXAMPLE 1.5 For any set X let Sy denote the set of permutations of X:
Sx ={f:X —> X | f is bijective }.

Then composition of functions o defines a binary operation on Sy satisfying properties
(i), (ii), (iii) of Definition 1.1, and we call Sy the group of permutations of X (sometimes
also denoted Xx). Note we do not stipulate that X is finite! In the case when X =
{1,2,...,n}, we denote S(; 5, by S,,.

EXERCISE 1.6 Let (G, *) be a group. Prove that the identity element asserted to exist in
(ii) of Definition 1.1 is unique. Prove that for every g € G, the inverse element required
to exist in (iii) of Definition 1.1 is also unique. In other words, the identity and inverses
are not additional data over (G, ). We denote the identity by e (or occasionally 1) and
the inverse of g by g™ L.

EXAMPLE 1.7 We let D, denote the dihedral group of order” 2n, i.e. the group of sym-
metries of a regular n-gon (for n > 3).

INote that this set is not denoted Z*. The more general meaning of the notation * notation will be
recalled later, giving Z* = {1}, which is a group under multiplication.
2Note there are different conventions: this is often denoted Dy,



1 Basic definitions, properties and examples

EXAMPLE 1.8 If G and H are groups, with operations % and #, then® G x H is a group
under the operation defined by

(g,h)*(g',h") = (g *¢ &, h*y h').

DEFINITION 1.9 We say a group G (with operation %) is abelian if % is commutative, i.e.
g+*h =h=xg for all g,h € G. For abelian groups it is common to refer to the binary
operation as “addition” and to use the symbol +.

So Examples 1.2 and 1.3 are abelian, but Example 1.4 is not (if n > 1), nor are 1.5
and 1.7 (if n > 2). As for Example 1.8, G x H is abelian if and only if G and H are both
abelian.

REMARK 1.10 Note that associativity ensures that there is no ambiguity arising from
writing arbitrary product

g1 *ga k... k gy
without brackets. For example, g; * (g * g3) = (g1 * &2) * Z3.

We often omit the symbol for the operation entirely and simply write gh instead of
g *h. Similarly, g; * (g, * g3) becomes g;(g>g3), which by the previous remark is equal
to (g,8-)gs and so we can and shall write unambiguously as g;g-,g5 (and likewise for
products of arbitrarily many elements).

Recall that g~! denotes the inverse of g. We combine this and the previous notation
by setting

e n=20
g gxgx---xg n>0
=\ Y—_— .
n times
(g™ n<o0

In the case of abelian groups, when the binary operation is denoted +, we instead define
the identity by 0, the inverse by —g and powers by ng.

EXERCISE 1.11 Prove that if G is a group then the following “Cancellation Law” holds:
for any g,h,k € G, if gh = gk, then h = k. Verify that when n < 0, then g" is equal to
(g~1)™. More generally, check that g%g? = g%*? for any a, b € Z.

EXERCISE 1.12 Let G be a group. Show that g"h™ = (gh)" for all g,h € G and n € Z if
and only if G is abelian. On the other hand, show that (gh)™! =h~'g™! always.

DEFINITION 1.13 If G is a group and H C G is a subset, then H is a subgroup of G if the
following* hold:
(i) if h,h’ € H, then hh' € H;
(ii) e € H (where e is the identity element of G);
(iii) ifh€H, then k! € H.
It is common to use the notation H < G to denote subgroups.
If H is a subgroup of G, then H is itself a group, with the same binary operation

restricted to H, i.e. the function G x G — G defined by (g, g’) — gg’ restricts (by (i)) to
define a binary operation H x H — H, under which H is a group.

SRecall that if X and Y are any sets, then X x Y is the set of ordered pairs (x, y), where x € X and
y€EY.

“4A standard exercise shows that if H is not empty, then the three properties together are equivalent to
the single condition that h~'h’ € H for all h,h’ € H.
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1 Basic definitions, properties and examples

EXAMPLE 1.14 We have that Z is a subgroup of Q, which is a subgroup of R, which is a
subgroup of C (all under addition). Note that if H is a subgroup of G, and G itself is a
subgroup of a group K, then H is a subgroup of K.

EXAMPLE 1.15 We have the chain of subgroups
SL,(Z) c SL,(R) c GL,(R) c GL,(C).
Another example is the chain of subgroups
Z C D € B c GL,(R),

where

e Z is the set of scalar matrices in GL,(R), i.e. matrices of the form rI,, where
r € R* and I, is the n x n identity matrix;

o D is the set of diagonal matrices in GL,(R);
e and B is the set of upper-triangular matrices in GL,(R).
DEFINITION 1.16 For any element g of a group G, define the subgroup® of G generated

by g, denoted (g) to be {g" |n € Z}. We say the group G is cyclic if G = (g) for some
g€aq.

EXAMPLE 1.17 Let G =Z, and let m € Z. Then
(m)={nm|neZ}
is the set of integer multiples of m. (Recall that we’re writing nm instead of m" since
the operation is +.) In particular (1) = Z, so Z is cyclic.
EXAMPLE 1.18 Let G = Q™ and r € Q*. Then (r) = {r"|n € Z}, so now for example
(1) ={1}.
EXERCISE 1.19 Show that Q* is not cyclic.
EXAMPLE 1.20 Let G = S¢. Recall that in “cycle notation,” (123)(45) denotes the per-
mutation ¢ such that
o(1)=2,0(2)=3,03)=1,0(4)=5,0(5)=4and g(6) =6,
which can be visualised as:
12 s eSS 6D)
Iterating this gives 02 = (132), o° = (45), 0% = (123), 0° = (132)(45) and 0® = e,
o’ =0, etc. Note also that 0! = ¢°, 072 = 0%, etc., so
(o) ={e,0,0% 0% 0% 0%}
DEFINITION 1.21 For any subset S of a group G, the subgroup of G generated by S is
($)=)H,
HeA

where A is the set of subgroups H of G such that S ¢ H. Then (S) is the smallest
subgroup of G containing S (in a sense made precise in the exercises). So this does
generalise Definition 1.16!

EXAMPLE 1.22 Let G =Z and a, b € Z, not both 0. Then
({a,b}) ={ma+nb|m,neZ}={(d),

where d = ged(a,b). Note that (g) is shorthand for ({g}). More generally if S =
{g1,..., 8} is finite, then we just write (g;,..., gx) for (S), so for example (6,9) = (3)
as subgroups of Z.

STt is easy to check that it is indeed a subgroup.
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2 Cosets and quotient groups

EXAMPLE 1.23 Let G = Q™ and a,b € Q*. Now
({a,b}) ={a™b" |m,neZ},
so for example
6,9)={6M9" | m,nez}={2"3"|m,k € Z, m=kmod 2}.

(For the last equality, let k = m + 2n for C, and n = (k —m)/2 for D.) Letting P =
{ prime numbers }, we have

(P)={reQ*|r>0}
(as a consequence of the Fundamental Theorem of Arithmetic), and so
Q* = (Pu{-1}).

EXAMPLE 1.24 If G = S5, then ((12)) = {e,(12)} and similarly ((13)) = {e,(13)}, but
((12),(13)) =G.

DEFINITION 1.25 If G is a group, then its cardinality #G (or |G|) is called the order of
G. Note that the order of G may be infinite (and we say G is finite if it has finite order).
If g € G, we define the order of g to be the order of (g).

EXAMPLE 1.26 The order of S,, is n!, so for example the order of Sg is 720 and the order
of the element (123)(45) is 6 (see Example 1.20).

EXAMPLE 1.27 The order of Q™ is infinite, but it has some elements of finite order,
namely 1, which has order 1 (as does the identity element of any group), and —1, which
has order 2.

2 Cosets and quotient groups

DEFINITION 2.1 Suppose that H is a subgroup of a group G. For each g € G, the set
gH={ghlheH}

is called a left coset of H in G (or where G is clear from the context simply a left coset of
H). Similarly Hg = {hg|h € H } is called a right coset of H in G.

EXERCISE 2.2 Fix g € G. Show that the map of sets H — G given by h — gh is injective
and has image gH. So left (and similarly right) cosets of H always have the same
cardinality as H.

EXERCISE 2.3 Show that for g, g’ € G, we have
gHNg'H#0) < g 'g'cH < gH=g'H.

In other words, left cosets are either disjoint or equal. Since every element of g is in
some left coset of H in G, namely gH, the left cosets gH partition the group into disjoint
subsets. Similar statements hold for right cosets.

We call any choice of g’ € G for which g’H = gH a choice of coset representative of
the left coset gH.

EXAMPLE 2.4 Let G = S5, and let H = ((123)) = {e,(123),(132) }. TheneH = (123)H =
(132)H = H and

(12)H ={(12),(23),(13)} = (23)H = (13)H.
Similarly, the left cosets of H' = {e,(12)} are
eH' =H’, (13)H' = {(13),(123) } and (23)H’ = {(23),(132)}.
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2 Cosets and quotient groups

EXAMPLE 2.5 Let G = Z and let H = (n), where n is any positive integer. If a € Z, then
the resulting left coset® of H in G is

a+H={a+kn|lkeZ},
is the residue class of a modulo n, sometimes denoted [a],,.

DEFINITION 2.6 We let G/H (said as “G mod H”) denote the set of left cosets of H in
G. The index of H in G, denoted [G : H], is defined to be the cardinality of G/H (which
may be infinite).

EXAMPLE 2.7 In Example 2.4, we have’ G/H = {H,(12)H}, so [G : H] = 2, and simi-
larly since G/H’ = {H’,(13)H’,(23)H’ }, we have [G : H'] = 3.

EXAMPLE 2.8 In Example 2.5, the left cosets of (n) in Z are precisely the n distinct residue
classes modulo n, i.e.

Z/({n) ={[0],,[1],,...,[n—1], }.
Therefore [Z : (n)] = n. In particular, an infinite group can have subgroups with finite

index. It also has at least one subgroup of infinite index: the index of {e} in G is the
same as the order of G.

EXERCISE 2.9 A slightly different, but ultimately equivalent, way to introduce G/H is
to consider it as the set of equivalence classes of G under the equivalence relation g ~
g’ < g~'g’ € H. Convince yourself of this!

If the group G is finite, then so are the order and index of every subgroup. Since
each element of G is in exactly one left coset gH, and there are [G : H] such left cosets,
each having cardinality #H, by Exercise 2.2, it follows that

#G =[G :H]- #H.
This proves Lagrange’s Theorem:
THEOREM 2.10 Let G be a finite group. If H is a subgroup of G, then the order of H divides
the order of G. Therefore if g € G, then the order of g divides the order of G.

DEFINITION 2.11 Suppose that H is a subgroup of a group G. We say H is a normal
subgroup of G if ghg™! € H for all g € G, h € H. Normal subgroups are often denoted
by H < G. The element ghg™! of G is called the conjugate of h by g, and

gHg ' ={ghg™' |heH}
is called the conjugate of H by g.

EXAMPLE 2.12 If G is abelian, then ghg™ = h € H for all g € G, h € H, so every
subgroup of G is normal.

EXERCISE 2.13 If G = S5, show that ((123)) is normal, but ((12)) is not.
EXAMPLE 2.14 Consider the subgroups
Z CDCBCG=GL,(R)

defined in Example 1.15. Then Z is a normal subgroup of G, but D and B are not (if
n>1).

5The notation g + H clashes slightly with Definition 2.1, but if we think of the notation in Definition
2.1 abbreviating g x H, then makes sense.

"Note sets don’t allow duplicates. So {H,(123)H,(132)H} = {H} and also {(123)H} since these are
the same!



2 Cosets and quotient groups

REMARK 2.15 Suppose we have K < H < G, that is K is a subgroup of a group H and H
is also a subgroup of G. Then it is easy to check that K is a subgroup of G. Now suppose
that K is normal in H and H is normal in G. Then it is not necessarily true that K is
normal as a subgroup of G! The condition that gkg™' € K for all k € K and g € G is
genuinely stronger than the condition that hkh™! € K for all k € K and h € H. “Being a
subgroup is a transitive condition, being a normal subgroup is not”. On the other hand,
if we instead assume that K is a normal subgroup of G, then K is normal as a subgroup
of H (a weaker condition).

EXERCISE 2.16 Find a chain of subgroups K < H < Dy, such that K is normal in H and
H is normal in D,, but K is not normal in D,.

It is easy to check that if H is a subgroup of G, then gHg ™! is also a subgroup of G
(for any g € G). It is immediate from the definition that H is a normal subgroup of G if
and only if gHg ™' C H for all g € H. Applying this for g7}, if H < G, then we also have
g_lH g CH,so

H=g(g 'Hg)g™' cgHg™,
which combined with gHg ™! ¢ H implies that equality holds, i.e.
H4G <= gHg '=Hforallgeg.
We claim also that gHg ™! = H if and only if gH = Hg. Indeed if gHg™! = H, then
gH =(gHg ')g =Hg.
On the other hand if gH = Hg, then
gHg ' ={ghg™' |h e H}

={kg™! | k € gH}

={kg"' |keHg}

={he€H}.
We therefore conclude also that

HdG <= gH=Hgforallgegd.

LEMMA 2.17 Suppose that H < G is a normal subgroup and consider the set G/H of left
cosets of H in G. We claim that there is a well-defined binary operation®:

G/H xG/H — G/H
(¢H,kH) —> (gk)H.
Proof. We must check that the operation is well-defined, i.e. that the output is indepen-

dent of the choice of coset represenatives g, k that we used to denote the cosets gH, kH
(recall that gH, g’H denote the same element of G/H exactly when g~'g’ € H).

To that end, suppose that gH = g’H and kH = k’H (so that g™'g’ € H and k 'k’ €
H). Since we assumed that H < G, it follows that (gk)™!(g’k) = k"' (g"'g’)k € H, using
that g~'g’ € H. Since k™'k’ € H we then have that

(gk) ' (g'K)(k k) = (gk) "' (g'k) € H.
This implies (gk)H = (g’k’)H as required. O

81t is maybe clear that, even for not necessarily normal H, right cosets actually want to product with
left cosets using the formula Hg *kH — HgkH. The last term is called a double coset. This is in fact always
well-defined. Assuming H is normal is only used to ensure that H\G = G/H so we may convert this into a
binary operation on G/H and that HgkH = gkH.

10



3 Homomorphisms and isomorphisms

Having defined the binary operation * on G/H, we now claim that G/H is a group
with respect to this operation. Indeed if gH, kH and {H are elements of G/H, then

(gH*kH)x{H = (gk)H«{H = (gk{)H
=gH % (k{)H = gH % (kH % {H),

so the operation is associative. The left coset H = eH is an identity element, since
eH xgH =gH =gH xeH
for all gH € G/H. Finally if gH € G/H, then
gH x g_lH =eH = g_lH *gH,
so g 'H is an inverse of gH.
We’ve been writing the symbol x for emphasis on the definition of the operation, but
now we’ll start omitting it (along with some of the parentheses), and just write
(gH)(kH) = gkH.

Recall also that since H was assumed to be normal in G, there is no difference between
left and right cosets of H in G: we could just as well write the preceding equation as
(Hg)(Hk) = Hgk. Consequently, it is common to denote gH € G/H simply by [g] (and
speak of an equivalence class of coset representatives).

DEFINITION 2.18 Suppose that H is a normal subgroup of a group G. Then the group
G/H, with the binary operation (gH)(kH) = gkH, is called the quotient group of G by
H.

EXAMPLE 2.19 Returning to Example 2.8, we have that (n) is normal in Z (since Z is
abelian). We can therefore define the quotient group Z/(n), which is just the familiar
group of integers modulo n under the addition operation on residue classes:

[a]+[b]=[a+D].

This group is commonly denoted by Z/nZ (which notationally comes with a canonical
generator [1]).

EXAMPLE 2.20 Returning to Example 1.15 (and 2.14), recall that Z = {rI,|r e R* } isa
normal subgroup of GL,(R). We can therefore define the projective general linear group
PGL,(R) as the quotient group GL,(R)/Z. Its elements are sets of matrices

AZ ={rA|reR*},
where A € GL,(R).
EXERCISE 2.21 Let N < G. Prove that there is a canonical bijection

{subgroups of G containing N} < {subgroups of G/N}.

3 Homomorphisms and isomorphisms

DEFINITION 3.1 Suppose that G and H are groups, with operations *; and #*j respec-
tively. We say that a function f : G — H is a (group) homomorphism (from G to H)
if

flgxc &) =f(g)*u f(g) forallg,g’€G.
EXAMPLE 3.2 Let G = H = R (under addition). Then the function f : G — H defined by
f(x) = 2x is a homomorphism, but the function defined by f(x) = x? is not.

EXAMPLE 3.3 Let G = H = R* (under multiplication). Then the function f : G - H
defined by f(x) = x? is a homomorphism, but the function defined by f (x) = 2x is not.
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3 Homomorphisms and isomorphisms

EXAMPLE 3.4 Let G =R,y ={x € R|x > 0} (under multiplication). Then the function
f : G —> R defined by f(x) = log(x) is a homomorphism (since log(xy) = log(x) +
log(y) for all x, y € G), but the function defined by f(x) = x is not.

EXAMPLE 3.5 Let G = H = GL,(R). Then the function f : G — H defined by f(A) =
(tA)lisa homomorphism (where ‘A denotes the transpose of A), but the function de-
fined by f(A) =A~! is not (unless n = 1).

ExXAMPLE 3.6 The function f : GL,(R) — R* defined by f(A) = det(A) is a homomor-
phism (since det(AB) = det(A) det(B) for all A, B € GL,(R)).

EXAMPLE 3.7 Let G be any group and g any element of G. Then the function f : Z - G
defined by f(n) = g" is a homomorphism (using Exercise 1.11).

EXAMPLE 3.8 If N is a normal subgroup of a group G, then the function 7 : G —» G/N
defined by n(g) = gN (called a quotient map) is a homomorphism (since mw(gh) =
ghN = (gN)(hN) for all g,h € N by definition of the operation on G/N).

EXAMPLE 3.9 If ¢ : G — H and 6 : H — K are homomorphisms, then so is the composite
fop:G—-K.

EXERCISE 3.10 Suppose that a subset S C G generates G, i.e. (S) = G. Prove that a
homomorphism ¢ : G — H is uniquely determined by its restriction ¢|g: S — H as a map
of sets. On the other hand, not every map of sets extends to a group homomorphism.
We shall use this and its analogues for other objects later in the course often and without
comment!

EXERCISE 3.11 In Exercise 1.6, we saw that for any group there is a well-defined map
(—=)': G — G sending g — g~!. Show that this need not be a group homomorphism.
Moreover, show this is a group homomorphism if and only if G is abelian.

For any homomorphism f : G — H, we have

erf(eq) = fleg) = flegeg) = f(eg)f (eg)
(where e is the identity of G, ey is the identity of H, and we omit the symbols for the

operations), so the cancellation law implies that f(e;) = ey. It follows that for any
g € G, we have

F@f (g7 =f(gg™) = fleg) =en,
so f(g™1) = f(g)!. Furthermore a straightforward induction argument shows that in
fact f(g")=f(g)" forallneZ.

DEFINITION 3.12 If f : G — H is a homomorphism, then the image of f is
im(f)=f(G)={f(g)lg€G},

and the kernel of f is
ker(f)={geGlf(g)=en}.

It is easy to check that im(f) is a subgroup of H. Note that by definition, f is
surjective if and only im(f) = H. It is also easy to check that ker(f) is a subgroup of G.

EXERCISE 3.13 Show that a homomorphism f : G — H is injective if and only if ker(f) =
{ec}, i.e. “the kernel is trivial”. Show that ker(f) is in fact a normal subgroup of G.

DEFINITION 3.14 We say that a function f : G — H is a (group) isomorphism if f is a
bijective homomorphism. We say that G is isomorphic to H if there is an isomorphism
f:G—-H.
Returning to some of the examples:
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3 Homomorphisms and isomorphisms

EXAMPLE 3.15 The homomorphism f : R — R defined by f(x) = 2x is surjective.
Furthermore ker(f) = {0}, or equivalently f is injective, so f is an isomorphism.

EXAMPLE 3.16 The homomorphism f : R* — R* defined by f(x) = x? is not surjective
(since im(f) = R (), nor is it injective (since ker(f) = {£1}).

EXAMPLE 3.17 The homomorphism log : R,y — R is an isomorphism, so R is isomor-

phic to R. We often write f : G 5 H to indicate that f is an isomorphism, and G = H to
indicate that G is isomorphic to H (without specifying the isomorphism), so for example

In: R, SR, and Rop =R.

EXAMPLE 3.18 The homomorphism f : GL,(R) — GL,(R) defined by f(A) = (‘A)~! is
an isomorphism. An isomorphism from a group G to itself is called an automorphism (of
G), so f is an automorphism of GL,(R), and the isomorphism defined in Example 3.15
is an automorphism of R.

EXAMPLE 3.19 The homomorphism det : GL,(R) — R* is surjective, but not injective
unless n = 1: its kernel is (by definition) SL,(R).

EXAMPLE 3.20 The quotient map 7 : G — G/N of Example 3.8 is surjective, with kernel
N.

ExAMPLE 3.21 If ¢ : G = H and 0 : H — K are isomorphisms, then sois8op : G —K
(since composites of homomorphisms are homomorphisms, and composites of bijective
functions are bijective). Note also that since ¢ is bijective, it has an inverse as a map of
sets ¢ : H — G, which is also bijective. Furthermore since ¢ o %) is the identity on H
and ¢ is a homomorphism, it follows that

¢(p(hh")) = hh' = e (PN (P(h)) = e (P(R)Y (R))

for all h,h’ € H, and since ¢ is injective, this implies that 1(hh’) = Y (h)y(h’), i.e. 1 is
a homomorphism, hence an isomorphism.

For example, the inverse of the isomorphism log : R., 5 R s the isomorphism

P : R 5 R., defined by ¥)(x) = e*. What is the inverse of the automorphism of GL,,(R)
defined in Example 3.18?

Recall from Exercise 3.13 that if f : G — H is a homomorphism, then ker(f) is
a normal subgroup of G. We can therefore consider the quotient group G/N, where
N =ker(f).

We claim that there exists a unique map ¢ such that “the following diagram com-
mutes”

¢ L s u

L4
T P
L7 Ay
G/N

Here 1 denotes the quotient map of Example 3.8. That the following diagram commutes
is taken to mean that for any pair of directed paths in the diagram with the same start
and end points, the corresponding compositions of functions agrees. As such, the picture
is nothing more than a convenient way of recording algebraic statements which must
be satisfied. In this case, there is only one non-trivial condition to check, namely we
are asserting that f = ¢ o . Such a diagram with this property is called a commutative
diagram.
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3 Homomorphisms and isomorphisms

Note that since 7 is surjective, if ¢ exists it is uniquely defined by f. Explicitly, for
any [g] € G/N, the condition that f = ¢ o 7 forces that

e([g])=¢(n(g)) = f(g).

We claim that this formula, p([g]) = f (g), does indeed a homomorphism ¢ : G/N — H.
We first must check that this is a well-defined map of sets. We need to show that if
g2,¢' € G and gN = g’'N, then f(g) = f(g’). This is true since

gN=gNg'g'eN <= f(glg)=en
= fgf (g =ey = f(g)=f(g).
Note that the reverse direction shows that this not only is ¢ well-defined, but it is injec-
tive. Furthermore ¢ is a homomorphism since

e((gN)(&'N)) = ¢((gg)N)=f(gg") = f(g)f (g") = p(gN)p(g'N)

for all gN,g’N € G/N. Note that im(y) is precisely im(f). So we may consider ¢
as a homomorphism ¢ : G/N— im(f) which is bijective and therefore an isomorphism.
Putting this altogether we have proven the “First Isomorphism Theorem”:

THEOREM 3.22 Let f : G — H be a group homomorphism. Then f factors’ as a composite of
the quotient map n: G — G/ ker(f) and a unique isomorphism G/ ker(f) 4 im(f) < H.

In these notes, we frequently use the first isomorphism theorem to create homomor-
phisms from quotient groups G/N from known homomorphisms from G:

EXAMPLE 3.23 We want to show there is a well-defined map R*/{£1} — R defined
by [x] — x2. To see this exists using the first isomorphism theorem, let G = R* and
H = R.,. In Example 3.16, we saw that map f : R* — R* defined by f(x) = x?
is a group homomorphism. So we know there is a map R*/ker(f) — R. by the first
isomorphism theorem. But ker(f) = {£1}, so we do indeed get our desired well-defined
map.

EXERCISE 3.24 In examples like the above, to obtain a map from a quotient group G/N
using the existence of a map f: G — H, we don’t need that N = ker(f), only that
N C ker(f). Specifically, show that if f: G — H be a group homomorphism and N C
ker(f), then f also factors uniquely as the composite of a map n: G — G/N and a
unique surjective homomorphism ¢ : G/N - im(f) that need not be an isomorphism.
We often say that f descends to a map on G/N (the map ¢). Show that ker(f) is the
unique largest subgroup of G with this property for the homomorphism f .

The rest of this section was not lectured

Suppose now that G is a group and that H and K are subgroups of G. Consider the
subset of G defined by
HK :={hk|h€eH,keK}.
This need not be a subgroup of G.
EXERCISE 3.25 Let G =S5, H = ((12)) and K = ((13)), then
HK ={e,(12),(13),(132)}

is not a subgroup of S;. Prove this directly from Lagrange’s theorem!

9That is to say f is a composite f = p o
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On the other hand, when one of the subgroups is normal in G then we always obtain
a group:

LEMMA 3.26 Suppose that H and N are subgroups of a group G and that N is a normal in
G. Then HN = NH is a subgroup of G.

Proof. Note first that

HN =| JN = | JNh=NH,
heH heH
where the middle equality holds since N <G.

Next note that e = ee € HN.

Suppose now that g, g’ € HN,so g = hn and g’ = h’n’ for some h,h’ € H, n,n’ € N.
Then nh/ € NH = HN, so nh’ = h”/n” for some h”” € H, n” € N. Therefore
gg’ =hnh'n’ =hh”n"n’ € HN,
as required.

Finally note that if g = hn € HN (whereh€ H,n€ N),theng ' =n"'h"! e NH =
HN. ]

Note that since N € HN and N < G, we have N <HN, so we can form the quotient
group HN /N. Now consider the composite homomorphism

f:H— HN — HN/N,

where the first map is the inclusion (sending h to h) and the second is the quotient map
of Example 3.8.

We have h € ker(f ) ifand onlyif AN = N, i.e. h € N, so ker(f) = HNN. In particular
H NN is a normal subgroup of H. Furthermore f is surjective since every element of
HN/N is of the form hnN = hN = f(h) for some h € H (and n € N). Therefore it
follows from the First Isomorphism Theorem 3.22 that we have an isomorphism

¢ :H/(HNN) = HN/N
defined by ¢ (h(H N N)) = hN. This is called the “Second Isomorphism Theorem.”
EXAMPLE 3.27 Let G = GL,(R), H =SL,(R), and N = Z = {rl,|r € R*}, as in Exam-
ple 2.20, so G/N = PGL,(R). Since det(rI,) = r", we have rI, € HNN if and only if
r"=1,so HNN = {I,} if nis odd, and HNN = {1, } if n is even. The group H/(HNN)
is denoted PSL,(R).

Thus if n is odd, then PSL,(R) can be identified with SL,(R) (via the isomorphism
sending the coset {A} to the matrix A). Note also that in this case we can write any
Ae€GL,(R) asA=rB, where r = (detA)'/"and B=r"1Ae SL,(R). Therefore A€ NH,
so HN = NH = G, and we conclude that if n is odd, then the map

H-—SH/(HNN)— HN/N =G/N
sending A to AN defines an isomorphism SL, (R) = PGL,(R).
On the other hand if n is even, then we find that
HN = {AeGL,(R)| det(A) > 0}
is a subgroup of index 2 in G (the two cosets being the set of matrices with positive de-

terminant and the set with negative determinant). It follows that [G/N : HN/N] =[G :
15



4 Group actions

HN] = 2 (the first equality being in the exercise on the “Third Isomorphism Theorem”),
so in this case the image of the isomorphism

PSL,(R) = SL,(R)/{%I,} =H/(HNN) — HN/N
is a subgroup of G/N = PGL,(R) of index 2.

4 Group actions

DEFINITION 4.1 Let G be a group and let X be a set. An action of G on X is a map of sets
GxX—X
(g,x)—g-x
such that
(i) eex=xforall x eX;
(i) g-(h-x)=(gh)-xforall g,heG, xeX.
The choice of an action of G on X makes X into a G-set. That is, for a fixed group G, a

G-set is a pair (X, -) consisting of a set X and an action “” of G on X. As for groups, it
is common to denote a G-set simply by its underlying set when the action is clear.

Note that (ii) ensures that group actions are in some sense associative when consid-
ered together with group multiplication. So, as in Remark 1.10, brackets are unneces-
sary when considering chains of group multiplications and an action.

EXAMPLE 4.2 Let G = S, and let X = {1,2,...,n}. Recall that an element of S, is a
bijective function o : X — X. We can therefore define an action of S,, on X by o-i = o' (i)
for o € S,, and i € X. This satisfies the conditions in the definition since (i) e : X — X is
the identity function, so e-i =e(i) =i for all i € X, and (ii) for any o, T € X, we have
OT=00T,S0

o-(t-i)=0(t(@))=(cot))=(07) i
for all i € X. Similarly for any set X, there is an action of the corresponding symmetric
group Sy on X defined in exactly the same way.

EXAMPLE 4.3 Similarly to the preceding example, D,, acts'® on the set of vertices V =
{v{,...,v,} of aregular n-gon. Indeed we may view each symmetry o € D, as a function
from the n-gon to itself, and its restriction to V defines a bijection function V — V. We
thus obtain an action of D,, on V.

EXAMPLE 4.4 GL,(R) acts on R" by matrix multiplication, i.e. A-x = Ax for A € GL,(R)
and x € R" (viewed as column vectors). Indeed I,,x = x for all x € R", and A(Bx) =
(AB)x for all A,B € GL,(R) and x € R" by associativity of matrix multiplication.

EXAMPLE 4.5 For any group G and set X, there is a “trivial action” of G on X defined by
g-x=xforallgeG, xeX.

EXAMPLE 4.6 If a group G acts on two sets X and Y, thenitactson X xY by g-(x,y) =
(g -x,g-y). Given two group actions, G on X and H on Y, there is an action of G x H
on X x Y defined by (g,h)-(x,y)=(g-x,h-y).

EXAMPLE 4.7 If G acts on X and H is a subgroup of G, then H acts on X by restricting
the function G x X - X to H xX C G x X.

10Wwe sometimes say “G acts on V (by...)” to mean there is an action of G on V (defined by...)
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4 Group actions

EXAMPLE 4.8 If G acts on X and f : H — G is any homomorphism of groups, then there
is an action of H on X defined by h-x = f(h)-x for h € H, x € X. (Why is this an action,
and how is the preceding example a special case of this one?)

There are many natural examples of actions arising directly from constructions in
group theory.

EXAMPLE 4.9 Any group G acts on X = G by left multiplication, i.e. g-x = gx for g € G,
x € G (since ex = x and g(hx) = (gh)x for all g,h, x € G).

EXAMPLE 4.10 Right multiplication, i.e. g - x = xg does not define an action'! of G
on G (unless G is abelian), since g - (h-x) = g - (xh) = xhg need not be the same as
(gh) - x = xgh. On the other hand, g - x = xg~! does define an action of G on G.

EXAMPLE 4.11 In the preceding two examples, we saw two (usually different) actions
of a group G on itself: (g,x) — gx and (g,x) — xg~!. Additionally, G acts on itself
by conjugation, i.e. g-x = gxg ! for g,x € G (since exe™! = e, and g(hxh™})g™! =
(gh)x(gh)™! for all g,h,x € G).

EXAMPLE 4.12 Let H be a (not necessarily normal) subgroup of a group G, and let X =
G/H be the set of left cosets of H in G. Then G acts on X by left multiplication, i.e.
g (kH) = gkH for g € G, x = kH € X (where k € G). First note that this formula
is well-defined, i.e. if x = kH = k’'H (where k,k’ € G), then gkH = gk’H (since
(gk)"'gk’ = k™'k’ € H), and this is an action since e - kH = kH, and

g (g’ (kH)) = gg'kH = (gg") - (kH)
forall g,g’ € G, kH € X.

DEFINITION 4.13 Suppose that G acts on X and x € X. The orbit of x (under the action
of G) isthe subset G- x :={g-x|g€ G} of X.

LEMMA 4.14 If G acts on X, then the set of orbits defines a partition of X into disjoint
subsets, i.e. every element of X is in a unique orbit.

Proof. First note that every element of X is in an orbit. Indeed if x € X, thenx =e-x €
G - x is in the orbit of x.

Now we must show that this G - x is the unique orbit containing x, i.e. if x € G-y
for some y € X, then G-y = G - x. To see this, note thatif x € G-y, thenx =h - y for
some h € G, so

G-x={g-x|geG}
={g-(h-y)|lgeG}
={(gh)-ylg G}
={g-ylgeG}
=G-y.

The penultimate equality follows as {gh| g€ G} ={g| g€ G} =G foranyge Gash
is invertible. O

This would however give an example of a right action of G on the set X = G, but we will only be
discussing left actions for now, and just calling them actions.
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EXAMPLE 4.15 Consider the action of G = S, on X = {1,2,...,n}, as in Example 4.2.
For any i, j € X, there is an element o € G such that o(i) = j; for example, let o = e if
i=jand o =(i,j) if i # j. Therefore G-i =X, for any i € X, i.e. X is the only orbit.
This is in fact true for the action of Sy on any set X: for any x, y € X, let 0 € Sy be the
element defined by o(x) =y, c(y) = x and o(z) = z otherwise.

DEFINITION 4.16 We say that an action of G on a set X is transitive (or that G acts
transitively on X) if X is the only orbit; i.e. for every x, y € X, there is an element g € G
suchthat g-x =y.

So for example the action of Sy on X is transitive.

EXAMPLE 4.17 The action of D, on V = {v,,...,v,} in Example 4.3 is transitive. Indeed
for any pair of vertices, there is a rotation bringing one to the other.

EXAMPLE 4.18 The action of GL,(R) on R" in Example 4.4 is not transitive. Indeed
A-0 = 0 for every A € GL,,(R), so the orbit of 0 is the set {0}. On the other hand if x
is any non-zero element of R", then there is an invertible matrix A with first column x
(extend X = x; to any basis {X1,X,,...,X,} for R", and use these as the columns of A).
Therefore there an element A € GL,(R) such that A- e; = x, where e; = /(1,0,...,0)
(again using  to denote transpose). Therefore every x € R" \ {0} is in the orbit of e;.
It follows that there are precisely two orbits in R" under the action of GL,(R): {0} and
R" \ {0}.

EXAMPLE 4.19 For the trivial action of G on X, as in Example 4.5, the orbits are the
singleton sets {x} for x € X.

EXAMPLE 4.20 Suppose that G acts on X and on Y and consider the action of G on X xY
as in Example 4.6. Note that G - (x, y) might not be the same as (G - x) x (G - y): the
formeris {(g-x,g-y)|g € G}, and the latter is {(g - x,h- y)| g,h € G}. On the other
hand if G acts on X and H acts on Y, then

(GxH)-(x,y)={(g"x,h-y)|g€G heH}=(G-x)x(H"-y).

EXAMPLE 4.21 The actions of G on itself defined by g - x = gx (Example 4.9) and
g-x =xg~! (Example 4.10) are both transitive.

EXAMPLE 4.22 Consider the action of G on itself by conjugation, as in Example 4.11.
The orbit of h is then its conjugacy class

G-h={ghgl|ge€G}.
Suppose for example that G = GL,(C), and that A is a diagonal matrix with distinct
diagonal entries a;, &, ..., a, € C*. The conjugacy class of A is then the set of matrices
in GL,,(C) with characteristic polynomial l—[lr.l:l(X —a;). (Why is this true, and why do
we need to assume the a; are distinct?)

EXERCISE 4.23 Show that a subgroup H < G is a normal subgroup if and only if H is a
union of conjugacy classes.

EXAMPLE 4.24 Suppose that H is a subgroup of G. Then the action of G on G/H by left
mutliplication (Example 4.12) is transitive. On the other hand, consider the action of H
on G by left multiplication (i.e. h- g = hg for h € H, g € G; see Examples 4.9 and 4.7).
The orbit of an element g € G under the action of H is then

H-g={hg|lgeG}=Hg.

Therefore the orbits are precisely the right cosets of H in G. Similarly, under the action
of H on G defined by h-g = gh™! for h € H, g € G, the orbits are the left cosets of H in
G.
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EXERCISE 4.25 Convince yourself that it makes sense to consider “sub-G-sets” of a G-set
X. Show that for any x € X, the orbit G- x is a sub-G-set of X. Show that a subset Y C X
is a sub-G-set if any only if it is a union of orbits.

DEFINITION 4.26 Suppose that G acts on X and x € X. The stabiliser (or isotropy group)
of x (under the action of G) is
Stabg(x)={geGlg-x=x}.

This is sometimes also denoted G,..

It is straightforward to check that Stab;(x) is indeed a subgroup of G.

EXAMPLE 4.27 Consider the action of G = Sy on X (as in Example 4.2). Then, by
definition, we have
Stabs(x)={oe€Sx|o(x)=x}.
Soif X ={1,2,3,4} (so G=S,), we have
EXAMPLE 4.28 Consider the action on G = D,, on V = {vy,...,v,} as in Example 4.3.

Then for any v € V, we have G, = {e, ¢}, where ¢ is the reflection in the axis of
symmetry through v.

EXAMPLE 4.29 For the trivial action of G on X (Example 4.5) we have Stabg;(x) = G for
all x e X.

EXAMPLE 4.30 If G acts on X and on Y, then the stabiliser of an element (x,y) € X x
Y under the resulting action of G (as in Example 4.6) is Stabg((x,y)) = Stabg(x) N
Stabi(y). If G acts on X and H acts on Y, then the stabiliser of (x, y) under the resulting
action of G x H on X x Y is Stabg,;((x, y)) = Stabg;(x) x Staby(y).

EXAMPLE 4.31 The stabiliser of an element h € G under the action of G on G by left
multiplication is {e}. (This was the action in Example 4.9, and the same holds for the
action defined by g -h =hg™! in Example 4.10.)

EXAMPLE 4.32 Consider the action of G on itself by conjugation (Example 4.11). The
stabiliser of h € G is then

{geGlghg ' =h}={geG|gh=hg}=2Zs(h),

i.e. the centralizer of h in G.
We have the following fundamental relation between orbits and stabilisers.

PROPOSITION 4.33 (Orbit—Stabiliser theorem) Suppose that G is a group acting on a set X,
and x € X. Then for any x € X, there is a bijection

G/Stabg(x) = G- x
defined by gStabg(x)— g - x for g €G.
Proof. We first show that this is well-defined; i.e. the output is independent of how

the coset gStabg;(x) in G/Stab;(x) was written. Specifically, we want to show that if
gStab;(x) = hStabg(x), then g - x =h - x. Indeed we have

gStabg(x) = hStabs(x) <= h 'g € Staby(x) < (h™!g)-x=x
& g-x=h-x,

with the last condition follows from the previous as h - (—) preserves equalities and for
the reverse direction using that h™! - (—) preserves equalities. So there is a well-defined
map of sets f : G/Stabs(x) — G - x given by f(gStabg(x)) =g - x.
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Running the above implications in reverse shows that f is injective, i.e. if
f(gStabg(x)) = g - x = h-x = f(hStabg(x)), then gStab;(x) = hStabs(x). Finally
f is surjective by the definition of G- x: if y € G- x, then y = g - x = f(gStabs(x)) for
some g € G. ([l

REMARK 4.34 Note that G/Stab;(x) is also a G-set via Example 4.12. We did not intro-
duce the notion of a map of G-sets X — X’. This is a map of the underlying sets that
“commutes” with the action of G. In this terminology, we strengthen Proposition 4.33
to saying that canonical map G/Stabs;(x) — G - x is an “isomorphism” of G-sets.

COROLLARY 4.35 If G is a group acting on a (possibly infinite) set X, and x € X, then
[G : Stabg(x)] = #(G - x).

In particular, for any group action of a finite group, the size of an orbit must divide
the order of the group!

EXAMPLE 4.36 Consider the action of G =S, on X = {1,2,...,n}, and suppose x € X.
Since action is transitive (Example 4.15), the orbit G - x = X has cardinality n. So by
Corollary 4.35, we have [G : Stab;(x)] = n. Since G = S,, has order n!, it follows that
Stabg(x) has order n!/n = (n—1)!. In fact Stabg;(x) is isomorphic to the symmetric
group on the set Y = X \ {x} with n—1 elements: if o € Stabg;(x), then o(x) = x, so
if y # x, then o(y) # x, i.e. o restricts to a function o’ = o|y : Y — Y. Furthermore
o’ is bijective: its inverse is the restriction of o~ to Y. We thus obtain a function
¢ : Stabg(x) — Sy, defined by o — oy, and ¢ is clearly a homomorphism since
(0 o1)ly = oly otly for all 0,7 € Stabg(x). Finally ¢ is bijective since it has an
inverse function: every o’ € Sy extends uniquely to a permutation ¢ : X — X such that
o(x) = x, i.e. an element o € Stabg(x) such that o|, = o”.

EXAMPLE 4.37 Consider the action of G =D, on V = {v,,...,Vv,}, and suppose v € V.
Recall from Example 4.2 that the action is transitive, so #(G - v) = #V = n. Therefore
[G:G,]=n,so G, has order #G/n = 2, as we already saw in Example 4.37.

EXAMPLE 4.38 Consider the action of G = GL,(R) on R" as in Example 4.4. Recall
from Example 4.18 that the two orbits are G- 0 = {0} and G - e; = R" \ {0}, where
e; ='(1,0,...,0). To describe the stabilisers, note that Stab;(0) = G and that Stab(e;)
is the set of A € GL,,(R) such that Ae; = e, i.e. the first column of A is ey, so

1 t
Goz{(o By)‘yERn_l,BEGLn_l(R)}.

We can describe the stabiliser of an arbitrary element of R" \ {0} using the following
lemma.

LEMMA 4.39 Suppose that G acts on X, and that g € G, x,y € X are such that y = g - x.
Then Stabg(y) = gStabg(x)g ™.

Proof. We have

heG, < h y=y < (hg)-x=g"x
< (g7'hg) - x=x < g 'hge G, < hegG, g},

as required. O

EXAMPLE 4.40 Returning to Example 4.38, recall that the stabilizer of e; is the set of
matrices in G = GL,(IR) with first column e;. Recall also from 4.18 that if x € R" \ {0},
then x = Ae;, where A is any matrix in GL,(R) whose first column is x. It follows
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from Lemma 4.39 that Stabg(x) = AGyA™}; in particular that Stabg(x) is conjugate to
StabG(el).

EXAMPLE 4.41 Let H be a subgroup of G, and consider the (transitive) action of G on
X = G/H as in Example 4.12. The stabiliser of the coset H € X is the set of g € G
such that gH = H, i.e. the stabilizer of H is H. Now consider an arbitrary coset gH.
According to Lemma 4.39, the stabiliser of gH is gHg ™ *.

DEFINITION 4.42 We say that a group G is solvable if there is a chain of subgroups
{e}=Gy<G;<---<G, .1 LG, =G
such that the following hold fori =1,...,n:
e G;_; isnormal in G;;
e G;/G;_; is abelian.

Note that we do not insist that G; is normal in G (cf. Remark 2.15). Note that any
abelian group G is solvable: just take G; = G.

EXAMPLE 4.43 The group A; is not solvable. (Recall that A, denotes the subgroup of S,
consisting of even permutations, i.e. those that can be written as the product of an even
number of transpositions (i, j).) To see this we first claim that its conjugacy classes are
represented by

[e] = {e} having 1 element;
[(12)(34)] having 15 elements;
[(123)] having 20 elements;
[(12345)] having 12 elements;
[(12354)] having 12 elements.

(Note that the conjugacy class of (12345) in Ss splits into two classes in A;, whose
elements are only conjugate to each other S; via odd permutations.) We leave this to
the exercises.

Now we know that any normal subgroup N is a union of conjugacy classes by Exer-
cise 4.23, so of order a sum of the above numbers. In fact, as a subgroup it necessarily
contains e its order is of the form 1+ (...), where the bracket runs over the sizes of the
some subset of the remaining non-trivial conjugacy classes. But by Lagrange’s Theorem
2.10, #N divides the order of Az, i.e. 60. By considering the specific numbers above, we
find that the only normal subgroups of A5 are {e} and Aj itself. Since A5/{e} = A5 is not
abelian, it cannot be solvable. In fact, A5 is simple, that is it is a nontrivial group whose
only normal subgroups are {e} and G.

5 Categories and actions

DEFINITION 5.1 A category C consists of
e a class'? of objects of C (sometimes denoted Ob(C));

12\e do not define here what we mean by class! Classes are generalisations of sets (note we have not
defined this either) that are allowed to be “extremely large” in some sense. For our purposes, not much
intuition will be lost by reading “set” in place of “class”. In fact, if we modify Definition 5.1 by insisting
the objects form a set, then we obtain the perfectly good definition of a small category. The reason do not
do this is that many key examples of categories do not have this property (for example Sets, Gps). In fact,
some authors use a more general definition of category where the morphisms are also allowed to be classes
rather than sets. To them our definition is of a locally small category. This is much less important as all the
examples we give are locally small.
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o for each pair of objects A, B of C, a set of morphisms from A to B, denoted
Hom(A, B);
o for each triple of objects A, B, C of C, a composition map
Hom((A,B) x Hom.(B,C) — Hom;(A,C)
f , g) —  gof
such that the following hold:

(i) for each object B of C, there is a morphism idz € Hom(B, B) with the property
that for all objects A of C and morphisms f € Hom.(A, B), g € Hom.(B,A),
we have

idgof =f and goidg=g.

(ii) forall objectsA, B, C, D of C and morphisms f € Hom.(A, B), g € Hom,(B, C),
h € Hom.(C, D), we have

ho(gof)=(hog)of.

Before giving examples, we note that there can only be one morphism idy satisfying
the condition in (ii): if idg were another, then we would have

(the first equality by (i) for idg, and the second by (i) for idg). Note that this was
the same argument as for uniqueness of the identity element of a group. We call idg
the identity morphism on B (in C), and naturally we refer to (ii) as “associativity of
composition.”

The following is the prototypical example of a category:

EXAMPLE 5.2 Define Sets to be the category whose
e objects are sets'®;
e morphisms are maps of sets, i.e. for each pair of sets A, B, let Homge(A,B) =
{functions f :A— B};
e composition is the usual composition of functions.
Condition (i) is satisfied by the identity function on B for every set B. Finally condition
(ii) is satisfied since composition of functions is associative.
EXAMPLE 5.3 Define Gps to be the category whose
e objects are groups;
e morphisms are homomorphisms of groups, i.e. for each pair of sets G, H,
Homgps(G, H) is the set of group homomorphisms f : G — H;
e composition is the usual composition of functions. (Recall that composites of
homomorphisms are homomorphisms, so if G, H and K are any groups, then
composition does indeed define a map

HOIIleS(G, H) x HomGps(H: K)— HomGps(G, K).)
The same reasoning as in Example 5.2 shows that the conditions in the definition of a
category are satisfied (using also the fact that if H is a group, then idy is a homomor-

phism). If we only consider abelian groups, then we also obtain a category denoted
Ab.

EXAMPLE 5.4 Similarly we define R-vec to be the category whose

B3There is no set of all sets. This is genuinely a class!
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e objects are vector spaces over R;

e morphisms are R-linear functions, i.e. if U and V are vector spaces over R,
then Homg_,..(U, V) is the set of R-linear functions f : U — V;

e composition is the usual composition of functions.

Again this forms a category since identity maps are R-linear, and composites of R-linear
functions are R-linear.

Before giving another example, let us introduce some standard shorthand notation
for morphisms: we write f: A — B or A L B to denote an element f € Hom.(A, B)
(where A and B are objects of C). Thus given A i» B and B LA C, we have the element

g o f € Hom¢(A, C), which we denote A L B LN C. Thus condition (ii) means that
f

AsBSC LA D unambiguously denotes ho(go f)=(hog)of.
EXAMPLE 5.5 Let C be the category with objects Ob(C) = {A, O}, that is there are two
objects denoted by the symbols A, 0 and morphisms given by

Hom( (A, A) = {idp},
Hom¢(O,0) = {idg},
Home(A,0)={f},
Hom,(O,A) =0.

Here f is just a symbol for a morphism f: A — O we are saying exists from A to O.
The category has no knowledge of “what” the morphism f is, just that it exists and how
it composes with other morphisms! We can represent this pictorially'* as:

A —L— 0 pidg.

Note that a category consists of three pieces of data: the objects, the morphisms and
the composition maps. The reason we have not specified the composition rules is that
they are completely forced in this case! For example, we know that f cidp = f by the
condition (i) in Definition 5.1. When writing categories pictorially like this, it is common
to omit forced information. For example, one may not include all the identity maps.

Note that in Examples 5.2, 5.3 and 5.4, the objects were sets (with some additional
structure in Examples 5.3 and 5.4), and the morphisms were maps of the underlying sets
(possibly) preserving additional structure. This was not the case for Example 5.5, we
have no concept of what objects A, B “are” this is not contained in the data of a category.
Consequently, the morphisms are not just maps of the “underlying sets” of A, B. There
are many interesting categories that don’t admit a “concrete” description in terms of
sets.

EXAMPLE 5.6 Let G be any group. Let C; be the category with only one object, which
we denote by e (i.e. Ob(Cg) = {e}) and with morphisms given by Hom,(e,®) = G, and
goh=ghforall g,h € G. Then (i) is satisfied by the identity e, and (ii) holds since
the operation on G is associative.

EXAMPLE 5.7 We now define another category C whose objects are vector spaces over
R (as in Example 5.4), but now let Hom(U, V) be the set of equivalence classes in
Homg._ (U, V) under the equivalence relation defined by f ~ f’ if f' = rf for some

14As we shall see later, this is an example of a directed graph (Definition 17.10)
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5 Categories and actions

r € R*. Itis easy to check that this in fact an equivalence relation, and we let [ f ] denote
the equivalence class of f. We still need to define the composition map

Hom,(U, V) x Hom.(V, W) — Hom.(U, W)
for all objects U, V and W of C. We wish to do this by the formula

[glolf]l=[gof]

for [f] € Hom.(U,V) and [g] € Hom,(V,W) (where f € Homg_,.(U,V) and g €
Hompg_,.(V,W), so g o f € Homg._,..(U, W)), but we need to check that this is well-
defined on conjugacy classes, i.e. if f ~ f’ and g ~ g’, then go f ~ g’ o f’. This holds
since if f' =rf for some r € R* and g’ = sg for some s € R*, then g'of’ = (sg)o(rf) =
(rs)(go f).

This notion of objects, morphisms and composition does indeed satsify the condi-
tions in Definition 5.1: (i) by definition, (ii) by [idy ] € Hom.(V, V) and (iii) since

[Rlo([gle[f]D) = [hle[gof] = [ho(gof)]
= [(hog)of] = [hog]o[f] = ([hle[gDeo[f]

for all objects U, V, W, X of C and morphisms [f ] € Hom(U, V), [g] € Hom/(V,W),
[h] € Hom (W, X).

DEFINITION 5.8 Let C be a category and A i) B a morphism in C. We say that f is an
isomorphism (in C) if there is a morphism B =%, Ain C such that gof =idyand fog =idp,
and we call g the inverse of f in C.

Thus for example an isomorphism in Sets is a bijection, and an isomorphism in

Gps is an isomorphism of groups. (Recall that if G EA H is a bijective homomorphism
of groups, then its inverse map is also a homomorphism. We’ll see later though that
there are categories whose morphisms are structure-preserving functions, but not every
bijection is an isomorphism.)

DEFINITION 5.9 If Ais an object of C, then an automorphism of A (in C) is an isomorphism

A L A (in C). We let Aut.(A) denote the set of automorphisms of A.
The following proposition is the reason groups are ubiquitous across mathematics!

PROPOSITION 5.10 If Ais an object of a category C, then Aut.(A) is a group under compo-
sition.
Proof. We first prove that if f, g € Aut-(A), then f o g € Auts(A). By assumption A L A
and A > A are isomorphisms, so there are morphisms A 1 Aand A S A such that
flof =fof’=id, and g’ o g = g o g’ =id,. It follows that
(g'of)o(fog)=(g'o(f'of))og=(g'cidy)og=g og=idy

(using associativity of composition twice for the first equality), and similarly (f o g) o
(g'of')=idy, so A" Ais indeed an isomorphism, i.e. f o g € Aute(A).

We already know that composition is associative (by the definition of a category).
We have that id4 is an automorphism (its inverse being id,), and it is an identity element
for the composition operation. Finally if f € Aut(A), then its inverse morphism f is

also an automorphism (since it has an inverse, namely f), so f has an inverse in Aut.(A)
with respect to the composition operation. Therefore Aut.(A) is a group. O
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5 Categories and actions

EXAMPLE 5.11 If X is any set, then Autg.(X) is the set of bijective functions f : X —
X, i.e. the set of permutations of X. Furthermore the operation is composition, so
Autges(X) = Sy.

EXAMPLE 5.12 If G is a group, then Autg,s(G) is the group of automorphisms of the
group G (usually just denoted Aut(G)).

EXAMPLE 5.13 If V is a vector space over R, then Autg_,..(V) is the group of invertible
(i.e. bijective) R-linear maps f: V — V (since its inverse map is also necessarily R-
linear). In particular the elements of Auty_..(R") are precisely the maps
fa: R" - R"
X = Ax
for A € GL,(R). Furthermore since f, o fz = fs3, the bijection GL,(R) — Autg._,.(R")
defined by A — f, is an isomorphism of groups.

EXAMPLE 5.14 Let C be the category defined in Example 5.7. If f € Homg_,.(R",R"),
then the morphism [f] € Hom.(R", R") has an inverse in C if and only if [f]o[g] =
[idga] = [g] o [f] for some g € Homp_,.(R",R"). This certainly holds if f is itself is
invertible (take g to be the inverse of ). On the other hand if [g] o [f] = [idgs], then
rg o f =idg. for some r € R*, so f is invertible. Therefore the function

Autp_oo(R") — Auto(R")
f - [f]

is surjective, and also clearly a homomorphism. In view of Example 5.13, we thus have
a surjective homomorphism GL,(R) — Aut-(R") defined by A — [f4]. Its kernel is the
set of matrices of the form rI, for r € R*, i.e. the subgroup denoted Z in Example 2.20.
Therefore Aut.(R™) is isomorphic to the quotient group PGL,(R) = GL,(R)/Z.

EXAMPLE 5.15 Let G be a group and let A be the object of the category C (as defined
in Example 5.6). Then Aut;_(A) = G, as a group.

REMARK 5.16 This new language allows us to give a new perspective on group actions.
From the data of an action
GxX—X,

¢
we obtain for each g € G a map of sets ¢, : X — X defined by x = g x. Itis easy to
check that each ¢, is bijective. So this assignment of group elements to maps X — X in
fact defines a map

®: G — Autsers(X) (= Sx)
g§— (pg: X = X).
We claim that this map is in fact a group homomorphism (where Autgs(X) is considered
as a group as in Proposition 5.10). To do so we must show that ®(gh) := @, = @, ©
pp =: ®(g) o ®(h). But for any x € X,
ey Pgn(x) =(gh)-x =g (h-x) = pg(px(x)),

as desired. So a group action defines a homomorphism ®: G — Autg.(X). Reversing
the argument of (1), we see that conversely a group homomorphism ®: G — Autg..(X)
defines a group action (set g - x = p,(x)), so these are equivalent notions.

This new perspective generalises to any category!

DEFINITION 5.17 Let G be a group and let A be an object of a category C. An action of
G on A (as an object of C) is a homomorphism

f: G — Aute(A).
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6 Free groups and presentations

Note this returns the original definition when C = Sets.
EXAMPLE 5.18 We can strengthen Example 4.11. Let G be any group, and define
f1 G — Autgps(G)

by f(g) = ¢4, where , : G — G is conjugation by g, i.e. p,(h) = ghg™!. Thus
conjugation defines an action of G on G as a group, i.e. as an object of Gps, in the sense
of Definition 5.17, not just an action on G as a set.

EXAMPLE 5.19 Revisiting Example 4.4, the isomorphism
GL, (R) —> Autg_yec(R")

defines an action of GL,(R) on R" as a vector space over R (not just as a set).

If G is any group, then giving an action of G on R" (as a real vector space) is
equivalent (via composition with the above isomorphism) to giving a homomorphism
f:G — GL,(R). Group actions on vector spaces are called representations and are a
very important area of study.

EXAMPLE 5.20 If C is the category defined in Example 5.7, then the isomorphism
PGL,(R) — Aut-(R")

in Example 5.14 gives an action PGL,(R) on R" as an object of C, and precomposing
with the homomorphism GL,(R) — PGL,(R) defines an action of GL,(R) on R" as an
object of C.

EXAMPLE 5.21 For any object A of any category C, there is an action of the group G =
Aut,(A) on A (as an object of C).

EXAMPLE 5.22 Given any category C, define the category C°P as follows: its objects are
the same as those for C, but for any objects A and B, we let

Homgo (A, B) = Hom¢ (B, A).

op
So for each morphism B EN AinC, we geta morphismAf—> B in C°P, where f°P = f, but

we write °P to indicate when we are viewing it as a morphism in C°?. Given morphisms
[P & . f g . .
A— B and B = C in C°?, we have B > A and C — B in C. We therefore have their

composite C f—O;gA in C, and we define composition in the category C°? (denoting it o°P)
op op

by gP 0% fP = (f o g)P ie. C 5B LA in C defines C < B A Ain C°P. We can thus
think of the process of getting C°P from C as “reversing all arrows.”

For the conditions in Definition 5.1, note that (i) for C°P is the same as (i) for C, (ii)

op op hop
is satisfied by id", and (iii) holds since given any morphismsAf—> B,B S, CcandCcSD
in C°?, we have
OP o (g o £9P) = hOP % (f 0 g)°F = ((f o g) o )P
= (f o (g o h))P = (g o )P o FP = (P oP gP) o £P.

6 Free groups and presentations

We now introduce the notion of a free group; roughly speaking it’s the largest group
that can be generated by a particular set of elements.
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6 Free groups and presentations

DEFINITION 6.1 Let S be any set, we are going to construct the free group “generated
by S”. First let S* and S~ also be two copies of S. So given an element s € S, we obtain
an element “s”of S*. Of course, given an element of S, we also obtain an element of S,
but we use s~! to denote this element. For example, if S = {x, y}, then

T={0yh ST={Thy T
For reasons that will become clear below, we say that s~ € S~ is the inverse of s € S*
and vice versa. We refer to S* := St US™ as letters.

A reduced word on S is a sequence (tq, to,...,t,) of any (finite) length n > 0 such
that

ot eStfori=1,...,n;
e t;,; isnotthe inverse of t; fori=1,...,n—1.
EXAMPLE 6.2 Note that n can be 0, the only reduced word of length 0 being the empty

word (). Furthermore S can be empty, in which case the only reduced word on S is the
empty word.

EXAMPLE 6.3 Suppose that S = {x, y} has exactly two elements.
e There is only one reduced word of length 0, namely ();

e there are 4 reduced words of length 1, corresponding to the 4 elements of S*:
(x), (x71), (y)and (y™1);
e 12 of length 2, given by
(0,x),  Lex™), (o), (oy7h,
%), (7 x_l), (xLy), 7hy™,
(y, x), (y, ) (.5 W
Ohx), ( . 757, Ly

the ones crossed out failing to be reduced!’;

e 36 =12-3 of length 3, which we won't list, and similarly 108 = 36-3 of length
4, etc.

Note that in the example, S was a finite set, but it needn’t be in general.

We define F to be the set of all reduced words on S, and we define a binary operation
x on Fg by the formula

(tr, oo ty)k(ty, to, oy tr) = (t1, by ooy by by gseees ),

where k is the least integer 0 < i < min{n,n’} such that tl{ +1 is not the inverse of t,,_;.
Often, we will have k = 0. This is when the “word” given by concatenation is a reduced
word, but otherwise we “cancel” neighbouring terms until we obtain a reduced word.
We could even have k = n or n’. For example,

(tlftZ’--: )*(tn > n 1 _1)—()

EXAMPLE 6.4 If S = {x, y} as in Example 6.3, then

Y, x L Ly )« (T hx, y) =00y, x L x T Ly xy) = (v, x 7L y).

(In this case we had k = 2 in the formula defining the operation.)

15The word reduced refers to the second condition in the definition; a sequence which doesn’t neces-
sarily satisfy this may be called a word. T'll sometimes just say “word” to mean “reduced word” implicitly
in lectures, but I'll be more careful in the typed notes.
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6 Free groups and presentations

We leave it as an exercise to check that the operation * on Fg is associative. We
clearly have that the empty word () is an identity element, and we have seen that the

inverse of (ty,ty,...,t,)is (t;l, t;_ll e, t1_1 ), so Fg is a group under this operation.

DEFINITION 6.5 The group (Fs, %) is called the'® free group on .

For s € S, we usually just write s for the word (s) of length 1 and s~ for the word
(s71). Similarly, we can extend this to write arbitrary elements of Fg in the form
€1 €
185"
where € € {£1}. We can take this one step further by additionally writing s" for the

reduced word ss...s and similarly for s™".
<~

€n

N no

. .S

n times

As usual we also omit the symbol * for the operation, so we could write the equation
in Example 6.4 as
Ceyx 2y xy) = xyxy.
EXAMPLE 6.6 If S =, then Fg = {e}, where e = ().

EXAMPLE 6.7 If S = {s}, then there are just two reduced words of each length n > 0,
namely (s,...,s) =s" and (s7%,...,s7!) = s Thus Fs is generated by s, and we have
an isomorphism Z = F s defined by n — s".

EXAMPLE 6.8 If S = {x, y}, then we have xy # yx (or written out more fully, (x)*(y) =
(x,y) # (v,x) = (¥) *(x)), so Fg is not abelian. The same argument shows that if
#S > 1, then Fg is not abelian. (Recall also that S could be infinite.)

There is a canonical map of sets ig: S — Fg given by s — (s). The following property
can be viewed as characterizing a free group.

PROPOSITION 6.9 Let S be a set, G a group and f : S — G a map of sets. Then there is a
unique homomorphism of groups f : F¢ — G such that the following diagram commutes
(as maps of sets):

®) s 2

given by f((s)) = f(s) for all s € S, i.e. identifying each s € S with the corresponding
element (s) € Fg, the function f : S — G extends uniquely to a homomorphism Fg — G.

Proof. By the definition of Fg, each element can be written uniquely in the form h =
tity- - t,, where n > 0, each t; = ig(s;) for somes; €S, ¢; € {£1}, and t;,; # ti_l for
i=1,...,n—1. We define f : Fg — G by

fh)=f(s1)f(s2)2 - f(s)

for h as above.'”

We first claim that this makes the diagram commute (as maps of sets). Indeed, given
s € S, then f(ig(s)) was defined to be f(s), as required. Furthermore, the choice of a

161t is common to also use F, to denote the “free group on n letters” given by taking S = {x, ..., X, }
17Recall the convention that h = ep, if n = 0; similarly the expression for f(h) is interpreted as
meaning e; in this case.
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6 Free groups and presentations

group homomorphism f: F¢ — G making the diagram commute is unique as we must
have f(ig(s;)*!) = f(is(s;)** = f(s;)** (cf. Exercise 3.10).

It remains to prove that f is a homomorphism, i.e. that f(hh’ )= f(h)f(h’ ) for all
h,h’ € Fs. Writing h = tyt,---t, and k' = t{t,--- t, as above, we have

/
n’’

hh' = tl"'tn—kt/k+1"'t
. . / __ _1 . / _1
where k > ON15 maximal such that t; = t i1 fori =1,...,k and i # b The
definition of f gives

F) = fG) e flon) " f ()40 f(5)
and f(h) = f(s)) - Fl5%S (spyq) oo f (57,

If k = 0, we don’t need to cancel. Otherwise, s, = s}, so that f(s,) = f(s}), and
€] = —€p, 5O f(sn)enf(si)el1 = e. Cancelling similarly using f(sn_l)eﬂflf(sé)el2 ==
f(Sp—gs1) k1 f (57.)% = e, we find that

FUF(R) = Fls1) -+ f (snge) ™ F (s 1)1 -+ £ (5L, ) =2 f(RR),

as required. O

EXAMPLE 6.10 Let G = S3 and S = {x,y}. There is a map of sets S — S5 given by
x — (123),y — (12). So by the above, there is a group homomorphism Fg — S;.
Because S5 is generated by (123), (12), this is surjective and S5 is a quotient of Fj.

REMARK 6.11 The property (2) of Proposition 6.9 says that amongst the set of all maps
of sets from S to a group (f : S — G), the map (ig: S — Fy) is special in that from it we
can recover any other by composition with a group homomorphism. This is an example
of a universal property, specifically this being the universal property of a free group. We
won'’t explain what exactly the phrase universal property means, but we will explain
why it “characterises free groups”. The idea is that this property of (is: S — Fg) is so
special that it almost uniquely determines Fg and the map is.

So suppose we had another pair (Fg, ig) that satisfies the property given in Proposi-
tion 6.9, i.e. Fg is a group and ig: S — Fg is a map of sets (we don’t assume injective,
but this will be forced by the following) such that any map of sets f: S — G extends
uniquely to a map of groups ig: Fg — G (that is such that f = fo ig). We want to show
that F¢ is isomorphic to our Fs. Note here that Fg is a black box to us. At this stage, we
don’t know anything about how it is constructed and the only thing we are allowed to
use about it is that it satisfies the universal property.

Now ig: S — Fg is a perfectly good map of sets to apply the universal property of Fg
to. That is, we can take f : S — G to be ig: S — F, in diagram (2):

i/
S —— F
l.sl //7

g H!iz
Fg

to obtain a unique group homomorphism i; making the diagram commute. On the
other hand, we are assuming ig: S — Fg also has the ability to extend any map of sets.
So we can apply the same argument with the roles swapped to obtain a reverse group
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6 Free groups and presentations

homomorphism ig : F¢ — Fg:
S L} Fg

Y A
ig P
, ~
o0 Aig

/
FS

We claim that ig, lE define mutually inverse group homomorphisms, so that in particular
/ . . .. g T . =T .

Fg and Fg are isomorphic. To show this is to show that iy o ig = 1dF§ and ig o iy = id;.

This once again follows from the universal property! From the above two diagrams, we

know that the following diagram commutes:

Focus only on the outer triangle, we already know one map F, — F¢ that makes this
. . ./ /.
triangle commute, namely 1dF§ : Fg — Fg:

i
S—S)Fé

i

| A,
/

FS

But now look again at the universal property, it says that there is a unique map making
this triangle commute, so both idFS/ and ig o {; must be equal! The same is of course true
for idg, and i; o ig and they really are inverse isomorphisms.

We have proven that (Fg, i¢) is as close as possible to (Fs,is) (we can’t say they are
equal). Objects satisfying universal properties are “unique up to unique isomorphism”.
This is the closest possible thing to them being equal. Note that this relies on the data
of the group and the map from S. Note also, how this would have failed without the
existence and the uniqueness requirements of the universal property.

This argument can be repeated verbatim for other universal properties to show
“uniqueness” of such objects. Note however, this does nothing to show that an object
exists that actually satisfies the universal property. We cannot use the universal property
to define free groups until we know they exist.

EXAMPLE 6.12 Let S = {x, y}. There is a unique homomorphism f Fg — Fg such that
f f(x) = y and f (y) = x. Furthermore it is an automorphism since f f is the unique
homomorphism Fg — Fg such that x — x and y — y. Since idg, also has this property,

fsz idp,, i.e. f is its own inverse.
EXERCISE 6.13 Let Zg denote the free abelian group with basis S. So if S = {x} then
Zgs = 7 with generator labelled by x. Then Zg satisfies Proposition 6.9 with every

instance of “group” replaced by “abelian group”. Try and prove as much of this and the
analogous version of Remark 6.11 as you can.

We leave the proof of the following as an exercise:
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6 Free groups and presentations

LEMMA 6.14 Let S be a set, G a group and f : S — G a function. Then the homomorphism
f : Fg — G extending f is surjective if and only if G = (f(S)) (i.e. G is generated by the
image of S).

If R is a subset of Fg, then we write (S |R) for the quotient group Fg/N, where N
is the subgroup of Fg generated by the set of conjugates of elements of R, i.e. N = (T),
where T = {grg™!|g € Fs,r € R}. Here we have implicitly used that N is a normal
subgroup; in fact the following lemma says that N is the smallest normal subgroup
containing R (sometimes referred to as the subgroup normally generated by R or normal
closure of R):

LEMMA 6.15 Suppose that R is a subset of a group G. Let T = {grg~'|g € G,r €R}, and
let N =(T). Then R C N and N < G; furthermore if N’ is any normal subgroup of G such
that RC N’, then N C N’.

Proof. We clearly have RC T C (T) =N.

To see that N is normal in G, note that v 'Th = T for all h € G (where h ' Th
denotes {h~'th|t € T}). Since T = h'Th c h"'Nh, it follows that N = (T) c h"'Nh,
and hence that AINh™! c N for all h € G.

Suppose now that N’ is a normal subgroup of G and R C N’. Since N’ < G, we have
grg ' e N’ forall g € G, r €R. Therefore T ¢ N’, and hence N = (T) c N’. O

DEFINITION 6.16 If G is a group, then a presentation of G is an isomorphism (S |R) = G
(where S is a set, and R is a subset of Fg).

Note that if Fs/N = (S|R) = G is a presentation of G, then the composite Fg —
Fs/N — G is surjective (where the first homomorphism is g — gN). Therefore by
Lemma 6.14, G is generated by the image of S; we can think of the presentation as
describing G in terms of a set of “generators” (corresponding to elements of S) and
“relations” among them (corresponding to elements of R).

EXAMPLE 6.17 Let G = Z/nZ. Recall from Example 6.7 that Fy,; is isomorphic to Z (via
s™ <= m for m € Z). We therefore have the surjection Fi;; — G, with kernel (s"). This

gives a presentation (S|R) — G with S = {s} and R = {s"}. When the sets S and R
are finite, we usually just list the elements instead of writing (S |R ), so for example, we
write (s|s") instead of ({s}|{s"}).

EXAMPLE 6.18 The dihedral group has a presentation

(x,y1x",y2,(xy)*) > D,,

sending x to a rotation of order n and y to a reflection. The proof that there is such a
presentation is left as as exercise.

EXAMPLE 6.19 Let G be any group, let S = G, and let f : S — G be the identity function.
By Proposition 6.9 this extends to a homomorphism f : Fg — G, which is clearly sur-
jective. Letting R =N = ker(f), we have that N is the smallest normal subgroup of Fg
contained R = N, so by the First Isomorphism Theorem, we have (S|R) = Fg/N 5.

The preceding example shows that every group has at least one presentation, but
the one we just gave was constructed very brutally. Presentations with fewer generators
and relations provide more practical descriptions of the group.
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6 Free groups and presentations

EXERCISE 6.20 Suppose that (S | R) is a group defined by a presentation (i.e. the group
Fg/N). Using the first isomorphism theorem, extend Exercise 3.10 to show that a group
homomorphism (S | R) — H for an arbitrary group H is equivalent to the data of a map
of sets ¢ : S — H such that R C ker({). This setup will occur often as we introduce other
constructions and we will often use this to define homomorphisms without comment.

DEFINITION 6.21 We say that the group G is finitely presented if there is a presentation
(S|R) 5 G such that the sets S and R are finite.

Every finite group is finitely presented, but we do not prove this'®. Of course an
infinite group may also be finitely presented; for example the free group Fs for any
finite set S has a presentation (S |@) = Fg, but Fg is infinite (as long as S is non-empty).
If G is finitely presented, then it is obviously finitely generated (i.e. G = (Q) for some
finite subset Q of G). What is more difficult to prove (and we won’t) is that there are
finitely generated groups which are not finitely presented.

18This isn't super hard, but requires some care. Note, the set R in Example 6.19 will never be finite,
to conclude one needs to explain why the R is itself finitely generated.
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Part 2

Commutative algebra



We will start with basic concepts and results concerning (commutative) rings and
modules, and then focus on the topics of tensor products and localisation, introducing
more of the language of category theory along the way.

7 Ring theory review

DEFINITION 7.1 A ring is a set R equipped with a pair of binary operations + (called
addition) and - (multiplication) satisfying:

(i) (R,+) is an abelian group;

(i) - is associative and has a (multiplicative) identity element'’, denoted 1, i.e.
r-(s-t)=(r-s)-tforall rs,t €R, and there is an element 1; € R such that
lg-r=r=r-1gforallr €R;

(iii) - is left and right distributive over +,i.e. r-(s+t)=r-s+r-tand (r+s)-t =
r-t+s-tforallrs,t €R.

REMARK 7.2 Since (R, +) is a group, it has a unique identity for + (Exercise 1.6), which
we denote by Oy or O for short. Exactly, the same argument shows that even though R is
not a group under -, its multiplicative identity 15 is unique. We usually denote it simply
by 1.

EXAMPLE 7.3 The familiar number systems Z, @, R and C with the usual notions of
addition and multiplication are all rings.

EXAMPLE 7.4 If n is a positive integer, then the set Z/nZ, with the operations of addition
and multiplication mod n,i.e.a+b=a+banda-b=a-b, is a ring (where a denotes
a+nZfora€Z).

EXAMPLE 7.5 The set {0}, with the (only possible) operations 0+0 =0 and 0-0 =0, is
a ring. Note that in this case O = 0 = 1;. We call it the zero ring.

The rings above are all commutative, meaning that the operation - is commutative®°
(i.e.r-s=s-r for all r,s € R). We will focus on rings that are commutative, but here’s.
one that isn’t:

EXAMPLE 7.6 Let M,(RR) denote the set of n x n matrices over R with the usual notions
of matrix addition and multiplication. Then M, (R) is a ring, non-commutative if n > 1.

Starting with some rings, there are general constructions that produce more.

EXAMPLE 7.7 If R and R’ are rings, then the set R x R’, with componentwise addition

and multiplication, is a ring. By “componentwise,” we mean
(r,r)+(s,8)=(r+s,r"+s’) and (r,7")-(s,5") = (rs,r’s")

for r,s €R, r’,s’ € R’, where + is r + s refers to the addition operation on R, etc. Note

for example that the multiplicative identity on R x R’ is (1g, 1g/).

EXAMPLE 7.8 The set of polynomials with real coefficients, denoted R[X ], is a ring under

the usual addition and multiplication operations on polynomials.

More generally for any ring R, we similarly define R[X] to be the polynomial ring
over R in the variable (or indeterminate) X. We can replace X by any (formal) variable,

1950me authors do not insist on the existence of a multiplicative identity. The default though is that
they do have one.

20Note that if - is commutative, then the left and right distributive axioms (the two equations in 3) for
all r,s,t €R) are equivalent.
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and so for example define R[X,Y ] = (R[X])[Y] to be the polynomial ring over R[X] in
the variable Y, and similarly inductively define R[X;,...,X,], the polynomial ring over
R in n variables (for any n > 1).

Note that R need not be commutative for this to be defined, but that if R is commu-
tative, so is R[X ] (and so by induction R[ X1, ..., X,]).

EXAMPLE 7.9 For any ring R and integer n > 1, we can define the n x n matrix ring
over R, denoted M,,(R), with the usual operations of matrix addition and multiplication.
Again R need not be commutative, but in this case M,(R) will not be commutative even
if Ris (unless n =1 or R = {0}).

For any ring R, we have Oy - r = 0y = r - Oy for all r € R. To see the first equality for
example, note that it follows from the axioms that

(O 1)+ (1g-r)=(0g+1g) - r=1g-r=0g +(1g 1),

so the cancellation law (for the abelian group (R, +)) implies that O - r = Og. Similarly
we have (—1g)-r = —r =r-(—1g) for all r € R (where as usual, we use — to denote the
additive inverse of an element). More generally, it follows by induction that

Np+T=nr=r-ng forallreR,ne?,

where nr has its usual meaning for the abelian group (R, +) (for example 3r =r+r+r)
and ny denotes n(1y).

EXERCISE 7.10 Show that any ring for which 1 = Oy has only one element (so morally
is the ring in Example 7.5).

DEFINITION 7.11 An element r € R is called a unit in R if it has a multiplicative inverse,
i.e.r-s =1 =s-r for some s € R. We let R* denote the set of units in R. It is a group
under -. This follows from the facts that 1) 1; € R*, 2) if r,r’ € R*, thenr -1’ € R*, and
3) if r € R*, then its inverse r—! € R*.

EXAMPLE 7.12 Every non-zero real number has a (real) multiplicative inverse, so R* =
R~ {0}.

EXAMPLE 7.13 The only integers with multiplicative inverses in Z are +1, so Z* = {*1}.
EXAMPLE 7.14 We have {0}* = {0}.

EXAMPLE 7.15 If n is a positive integer, then (Z/nZ)* is the set of residue classes a such
that ged(a,n) = 1.

EXAMPLE 7.16 For and (non-zero) f,g € R[X], we have deg(f g) = deg(f) + deg(g),
so if fg = 1gpx}, then deg(f) = deg(g) = 0. It follows that (R[X])* = R* (where we
identify elements of R with constant polynomials).

EXAMPLE 7.17 Since a matrix in M,,(R) is invertible if and only if it has non-zero deter-
minant, we have M,(R)* = GL,(R).

EXAMPLE 7.18 If R and S are rings, then (R x S)* =R* x S*.

EXERCISE* 7.19 Recall that Ab denotes the category of abelian groups. Let A € Ob(Ab)
be any abelian group. Prove that Enday,(A) := Homap(A,A) a canonical ring structure
(in particular, what is multiplication and addition?). So rings arise naturally from the
concept of abelian groups (cf. Proposition 5.10)!

From now on, we assume R is a commutative ring unless otherwise stated.
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DEFINITION 7.20 Let r € R, if there exists s € R\ {0} such that rs = 0, we say that r
is a zero divisor. We say R is an integral domain (or just a domain) if R is not the zero
ring (i.e. Og # 1z by Exercise 7.10) and R has no non-trivial zero divisors, i.e. for every
r,s € R such that r # O and s # Oz, we have r - s # Og.

EXAMPLE 7.21 The ring Z is a domain.
EXAMPLE 7.22 If n > 0, then the ring Z/nZ is domain if and only if n is prime.

EXERCISE 7.23 Prove that for a domain we have the following cancellation law: if r, 1’ €
R and s # Oy, then rs =r’s < r =r’. Show that this need not hold for general rings
R.

DEFINITION 7.24 We say R is a field if R* = R \ {0g}, or equivalently if R # {0z} and
every non-zero element of R is a unit.

EXAMPLE 7.25 The rings Q, R and C are fields, but Z is not. The ring Z/nZ is a field if
and only if n is prime.
DEFINITION 7.26 We say a subset R’ C R is a subring of R if the following hold:
(i) 1z €R’;
(ii) R’ is a subgroup of R under +;
(iii) R’ is closed under -, i.e. if r,s €R/, thenr-s€R’.

Note that if R’ is a subring of R, then it is a ring under the same operations as the
ones on R (restricted to R).

EXAMPLE 7.27 The subsets
ZCQCRCR[X]CR[X,Y]
are all subrings of the ones to their right (where we identify real numbers with constant
polynomials to make sense of the inclusion R € R[X]).
Note that {0} is not a subring of Z. In fact {Ogz} is never a subring of R (unless
R = {0g}); it satisfies conditions (ii) and (iii), but not (i).

DEFINITION 7.28 Suppose that R and S are rings. We say a function f : R — S is a (ring)
homomorphism if the following hold:
@ f(1p)=1g;
(i) f(r+r)=f(r)+f(') forall r,r’ €R (i.e. f is a homomorphism of abelian
groups under +);

Gii) f(r-r)Y=f(r)-f(r') forall r,r’ €R.
If f : R — S is a homomorphism of rings, then we say f is an isomorphism (of rings) if
it bijective.

Note that in (ii) and (iii), the operations + and - on the left-hand side of the equations
are the ones on R, and those on the right are on S.

EXAMPLE 7.29 For any ring R, the function Z — R defined by n — ny is a homomorphism,
where recall that ng = 13 + - -+ + 13 (n times) if n > 0 and ng = —(—n)y if n < 0. This
follows from the Laws of Exponents for powers of 1; of the group (R, +) (except the
“powers” are multiples since the operation is +). Note this map need not be injective.

EXAMPLE 7.30 If R’ is a subring of R, then ¢ : R" < R (defined by t(r) = r) is a homo-
morphism.

EXAMPLE 7.31 Complex conjugation on C, i.e. f : C — C defined by f(z) =z, is a
homomorphism.
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EXAMPLE 7.32 The identity function on any ring R is a homomorphism, and if f : R — S
and f : S — T are homomorphisms, then so is g o f : R — T. Therefore commutative
rings form a category, which we denote CRings. All the other properties of a category
follow from facts about composition of functions of sets.

If f is an isomorphism of rings (in the sense of Definition 7.28), then its inverse
(function) is also a ring homomorphism, so the notion of isomorphism in Definition 7.28
is equivalent to the one obtained by viewing Rings as a category.

Non-commutative rings also form a category, denoted Rings.

If f : R — S is a ring homomorphism, then
im(f)=fR)={f(r)|r €R}
is a subring of S. Viewing f as a homomorphism of abelian groups, we have
ker(f)={r eR|[f(r)=0s},
which is not a subring of R (unless S = {Og} in which case ker(f) = R), but a different
type of subset.
DEFINITION 7.33 We say a subset I C R is an ideal of R if the following hold:
(i) I is a subgroup of R under +;
(ii) r-acelforallreR,a€cl.
We use I <R to denote an ideal I of R.

For any homomorphism f : R — S, we have that ker(f) is an ideal of R. Indeed we
already know (i) by group theory, and for (ii), note that if r € R and a € ker(f), then

f(a)=0g,so
flr-a)=f£(r) -f(a)=f(r) 05 =0g,
which means that r - a € ker(f).

We will often omit the symbol for multiplication in a ring R from now on, and just
write rs instead of r -s.

DEFINITION 7.34 If a € R, then the subset
{ralreR}CR

is an ideal. Indeed, for (i) 0 = Oa € Ra, if sa,s’a € Ra (where s,s’ €R), then sa +s’a =
(s +s")a € Ra and —(sa) = (—s)a € Ra, and (ii) if r € R, sa € Ra (where s € R), then
r(sa) = (rs)a € Ra.

We denote this ideal by Ra or (a) and call it the principal ideal generated by a. An
ideal I of R is called principal if I = Ra for some a €R.

EXAMPLE 7.35 If R = Z and n € Z, then the ideal generated by n is the set of integer
multiples on n, i.e. the subgroup nZ of Z.

EXAMPLE 7.36 For any R, we have (1z) =R and (0z) = {0g}.

It is easy to see that if a, b €R, then
RbCRa < b&€Ra < b=raforsomer R.
When this holds, we say a divides b (in R), or that b is a multiple of a (in R), and we
write a|b.

Note that Ra =R if and only if a | 1, i.e. a € R*. It follows that if R is a ring whose
only non-zero ideal is R, then every non-zero element of R is a unit, and hence R is a
field. Conversely if R is a field, then it has precisely two ideals, namely {0z} and R.
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Generalizing Definition 7.34, we can consider ideals generated by subsets of R:

DEFINITION 7.37 If aj,...,a, €R, then the (left*!) ideal of R generated by {ay,...,a,,}

1S
n

(a,...,a,) = { Zrl-ai

i=1
More generally for any subset A C R, the ideal of R generated by A is

k
(4) = { D sib;
j=1

(where we view the sum as Oy if kK = 0).

rl,...,rneR}.

kZO,S]_,...,Sk GR, bl,...,bk GA}

Note that the two versions of the definition agree if A= {ay,...,a, },i.e.(a,...,a,) =
(A). (Every sum of the form Z?zl r;a; is clearly in (A); on the other hand if each
bj€eA={ay,...,q,}, then we can rewrite 2?21 sjb;j as Z?zl r;a; where r; is the sum of
the s; such that b; = a;.) We sometimes write simply (ay, ..., a,) instead of R(ay, . .., a,)
or ({a,...,a,}), so for example the principal ideal generated by a would be denoted

(a).

Note that it is clear from the definition that (A) is in fact an ideal. Furthermore it is
the smallest ideal containing A in the usual sense: A C (A), and if I is any ideal of R such
that A C I,then (A) C 1.

EXAmMPLE 7.38 If a4,...,a, € R =Z, then (ay,...,a,) = (d) where d = gcd(ay,...,a,)
(orOifa; =...=a,=0).

EXAMPLE 7.39 If R=R[X,Y], then (X,Y) is the set of polynomials f € R with constant
term O, i.e.

k
(X,Y) = { > Xty

i,j=0

k>0, rijeRfori,j=1,---,k, r0,0=0}.

DEFINITION 7.40 We say that R is a principal ideal domain (or a PID), if R is a domain
and every ideal of R is principal.

EXAMPLE 7.41 The ring Z is a PID since every ideal is of the form nZ for some n € Z.

EXAMPLE 7.42 The ring R[X] is a PID (as a consequence of the division algorithm for
polynomials); more generally if K is any field, then K[X] is a PID.

EXAMPLE 7.43 The ring R = Z/nZ (for any positive integer n) has the property that
every ideal is principal; however it is a domain (and hence a PID) if and only if n is
prime.

EXAMPLE 7.44 The ring R = R[X, Y] is a domain, but the ideal (X,Y) is not principal.
Indeed if it were true that (X,Y) = (f) for some f € R, then we would have f | X and
f 1Y, so f would have to be a non-zero constant polynomial, in which case f ¢ (X,Y).
Therefore R[X, Y] is not a PID.

EXERCISE 7.45 Let f: R — S be a ring homomorphism. Let J be an ideal of S. Prove
that the preimage f~%(J) is an ideal of R. Show that this is not, in general, true of the
image of ideals.

2yt s possible to define right ideals by putting the ring on the other side of the generators. We won’t
ever consider right ideals, so use ideal to refer to left ideals. Of course, if R is commutative, the two concepts
coincide.
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Recall that if I is an ideal of R, then it is a subgroup of the R under addition. Since
R is abelian, I is in fact a normal subgroup, and we can form the quotient group
R/I={r+I|reR}.

Thus R/I is an abelian group under the inherited operation +, defined by 7 +s=r +s
(writing 7 for the coset r + I for r € R). Furthermore it is easy that 7 -5 = 7s gives a
well-defined binary operation on cosets. (If 7 =/ ands =s’, then r —r’,s —s’ €I, so

rs—r's' =r(s—s)+s'(r—r)€l,
and therefore 7s = r’s’.)
We claim that R/ is in fact a commutative ring under the resulting addition and mul-
tiplication operations. Indeed the required associativity and distributivity are immediate

from the corresponding properties of R, and 1 is a multiplicative identity element. The
ring R/I (read as “R mod I”) is called the quotient ring of R by I.

Recall also (Example 3.8) that there is a surjective homomorphism of abelian groups

7 : R — R/I defined by nt(r) =7; since rs =T -5, it is in fact a ring homomorphism.

Now suppose f : R — S is any ring homomorphism. Recall that I = ker(f) is an
ideal of R. By the First Isomorphism Theorem (for groups), we have a well-defined
isomorphism

@i BRI — im(f)
G

of groups under addition. Since ¢ (1) = f(1z) = 15, and
(r-5)=(rs)=f(rs)=f(r)f (s) = (F)p(s)

for all r,s € R, it follows that ¢ is in fact an isomorphism of rings. We thus obtain the

“First Isomorphism Theorem” for rings!

EXAMPLE 7.46 Consider the homomorphism ¢ : R[X] — C defined by “evaluation at i,”
i.e. p(f)=f(i) for f € R[X]. We then have im(ap)_= C and ker(p) = (X2 +1), so there
is an isomorphism R[X /(X2 + 1) — C defined by f — f(i).

EXERCISE 7.47 Reprove Exercise 7.45 by showing that f~1(J) is the kernel of a map of
rings using the first isomorphism theorem.

EXERCISE 7.48 Let I < R. Prove that there is a canonical bijection
{ideals of R containing I} «<— {ideals of R/I}.

DEFINITION 7.49 We say an ideal I of R is prime if the following hold:
() I#R;

(i) f rs€eRandrse€l, thenr€lorsel.

Note that the first condition is equivalent to R/I not being the zero ring, and the
second means that if 7 -5 = Og, then 7 = 0y or s = 0. Thus I is a prime ideal of R if and
only if R/I is a domain.

DEFINITION 7.50 We say an ideal I of R is maximal if the following hold:
() I#R;
(ii) if J is an ideal of R containing I, then either J =1 or J =R.
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Again the first condition is equivalent to R/I not being the zero ring (explicitly, that
1g # Og in R/I). Since the ideals of R/I are in bijection with the ideals of R containing
I, the second condition is now equivalent to R/I having precisely two ideals (namely
{0z} and R/I). Thus I is a maximal ideal of R if and only if R/I is a field (how would
you prove this “directly”?). In particular every maximal ideal is prime (since every field
is a domain).

EXAMPLE 7.51 The maximal ideals of Z are those of the form pZ, where p is prime. The
ideal {0} is prime, but not maximal.

EXAMPLE 7.52 For any ring R, the ideal {Og} is prime if and only if R is a domain, and
maximal if and only if R is a field.

EXAMPLE 7.53 Recall from Example 7.46 that R[X]/(X? + 1) is isomorphic to the field
C; therefore (X2 + 1) is a maximal ideal of R[X]. More generally if K is a field and
f is a non-zero polynomial in K[X], then (f) is prime if and only if it is irreducible
(i.e. it cannot be factored into polynomials of lower degree in K[X]), in which case
(f) is in fact maximal. Note for example that X2 + 1 is irreducible in R[X] (the only
polynomials of lower degree are linear, and X2+ 1 has no roots in R). On the other hand
X?2+41=(X—i)(X +1) is reducible in C[X], so the ideal (X? + 1) in C[X] is not prime.

EXERCISE 7.54 Classify the maximal ideals of R[X ] using results of this section.

EXAMPLE 7.55 Consider the homomorphism ¢ : R[X,Y] — R defined by f — f(0,0).
Its kernel is the set of polynomials in R[X, Y ] with constant term 0, i.e. the ideal (X,Y)
of Example 7.39. Since ¢ is surjective, R[X,Y ]/(X,Y) is isomorphic to R, so (X,Y) isa
maximal ideal of R[X,Y].

Similarly consider the homomorphism v : R[X,Y] — R[X] defined by y(f) =
f(X,0),i.e.

k k
P (Z rinin) = XL,
i,j=0 i=0

Then ker(1)) consists of the polynomials in which the coefficient of each monomial of
the form X'Y? is 0, i.e. the set of polynomials f such that Y | f. Since 1 is surjective and
ker(v) = (Y), it follows that R[X, Y ]/(Y) is isomorphic to R[X ], which is a domain but
not a field. Therefore (V) is a prime ideal of R[X, Y ], but is not maximal. (Indeed one
can see directly from the inclusions (Y) € (X,Y) € R[X, Y] that (V) is not maximal.)

EXERCISE 7.56 Let f: R — S be a ring homomorphism. Prove that the preimage of
a prime ideal is prime using the first isomorphism and the fact that quotienting by a
prime ideals gives a domain. The analogous argument doesn’t work for the preimage of
maximal ideals (why?).

EXERCISE* 7.57 LetR be a commutative ring. Consider the polynomial ring R[ X}, ..., X, ].
There is a map of setsi: {1,...,n} = R[X,...,X,]. Show that the polynomial ring satis-
fies the exact analogue of the universal property of free groups (Proposition 6.9) with
every instance of group replaced by commutative ring.

8 Modules

We continue to assume R is a commutative ring.
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DEFINITION 8.1 An R-module is an abelian group (M, +), together with a function
RxM—M
(rm)—r-m
such that the following hold:
A 1,-m=mforallmeM;
) r-(m+n)=r-m+r-nforallr eR, m,n€ M;
(i) (r+s)-m=r-m+s-mforallr,s€R, me M;
(v) r-(s-m)=(rs)-mforallr,s€R, me M.

The operation sending (r, m) to r-m is referred to as scalar multiplication (by R on M).
Conditions (ii) and (iii) can be viewed as distributivity axioms, and (iv) as associativity.
The distributivity easily implies that O -m =0y, =1 -0y, forallm € M and r €R.

This should be compared with the action of a group on a set (Definition 4.1).

EXAMPLE 8.2 Let R = Z and let (M, +) be any abelian group. Then M is a Z-module,
with n - m given its usual meaning forn € Z, me€ M (e.g,3-m=m+m+m). In
fact, any abelian group automatically has the structure of a Z-module (so that these are
equivalent notions).

EXAMPLE 8.3 Let R =K be a field. Then a K-module is the same as a vector space over
K.

EXAMPLE 8.4 For any ring R, we can view M = R as an R-module by defining r-m = rm
for r,m € R (the axioms being exactly the same as those that make R a ring).

EXAMPLE 8.5 If R is a subring of S, then M = S is an R-module by defining r -s = rs for
r €R,s € S. More generally if f : R — S is any homomorphism of rings, then we can
make S an R-module by defining r -s = f(r)s. The conditions in Definition 8.1 since

i) 1z-s=f(1g)s=1gs=sforallseS;
() r-G+s)=f()s+s)=f(r)s+f(r)s=r-s+r-s'forallr €R,s,s’ €S;
(i) (r+r)-s=fr+r)s=(@E)+fE))s=f(r)s+f(r')s=r-s+r’-s forall
r,r' €R,sE€S;
V) r-(r"-s)=f()FE)s)=f(rr’)s=(rr')-sforallr,r' €R,s €S.
EXAMPLE 8.6 If M and N are R-modules, then so is M x N, with scalar multiplication
defined by r - (m,n) =(r-m,r-n)forallreR,me M, n € N.

EXAMPLE 8.7 For any ring R and positive integer n, combining Examples 8.4 and 8.6 (in-
ductively) makes R" an R-module, with scalar multiplication defined by r-(m., ..., m,) =
(rmyq,...,rm,) for rymy,...,m, €R.

EXAMPLE 8.8 Let R = R[X], M = R" (where n is a positive integer) and fix a matrix
A € M,(R). Define a scalar multiplication by R on M by the formula f - x = f(A)x for

f €R and m € M (where f(A) has the obvious meaning, i.e. if f = Z?:o r; X' for some

ro,---,T €R, then f(A) = Zf:o r,Al € M, (R), with A interpreted as the identity matrix

I,)). Note that (i) holds since f(1) =1, so 1-x = x for all x € M, (ii) and (iii) follow
from distributivity of matrix multiplication and (iv) by its associativity (for (iii) and (iv),
using also that (f + g)(A) = f(A) + g(A) and (f g)(A) = f(A)g(A)).

We remark that one can also consider modules for non-commutative rings, except
that we must distinguish between left modules and right modules. For example, R" is a
left M, (R)-module with scalar multiplication defined by A - x = Ax for A € M,,(R) and
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x € R" (viewing x as a column vector), and similarly defining x - A = XA makes R" a
right M,,(R)-module (where each x is viewed as a row vector).

DEFINITION 8.9 If N is an R-module and M is a subset of N, then we say that M is an
R-submodule of N if the following hold:

(i) M is a subgroup of N under addition;

(i) rr-meMforallreRand me M.

Note that if M is an R-submodule of N, then M becomes an R-module with the
addition and scalar multiplication inherited from N. We will often omit the - and write
rm for r - m.

EXAMPLE 8.10 If N =R, then an R-submodule of N is the same as an ideal of R.

EXAMPLE 8.11 For any R-module N, we have that {Oy} and N itself are R-submodules
of N.

EXAMPLE 8.12 If R = Z, then an R-submodule of an abelian group N (see Example 8.2)
is the same as a subgroup of N under addition.

ExXAMPLE 8.13 If R =K is a field and V is a K-module, i.e. a vector space over K (see
Example 8.3), then a K-submodule of V is the same as a sub-K-vector space of V.

EXAMPLE 8.14 If N is an R-module and m € N, then the (cyclic) R-submodule of N gen-
erated by m is the subset R-m = {rm|r € R}. We say that an R-submodule M of N is
cyclic if M = R-m for some m € N. Note that an ideal of R is a cyclic R-submodule if
and only if it is a principal ideal (see Definition 7.34).

EXAMPLE 8.15 Suppose that M; and M, are R-submodules of an R-module N. Then so
are M; N M, and

M + My ={m; + my|my; € My, my € M, }.
This is clear from the definition for M; N M,; for M; +M,, note that it is a subgroup since
Oy = Oy + Oy € M; + M,, and if my + m, and m} +m;, € My + M, (where m;,m| € M,
and my, m}, € M,), then

(m; +my)+ (m/1 + m’z) =(m; + m’l) +(my + m’z) eM,; +M,
and —(my + my) = (—m;)+(—m,) € M; + M,, and if r €R, then r(m; + my) = (rmy) +
(rmy) € My + M.
EXAMPLE 8.16 Suppose that my,...,m, are elements of an R-module N. Combining
Examples 8.14 and 8.15 (inductively), it follows that

n

R-m1+---+R-mn={Zrimi

i=1

r1,...,rn€R}

is an R-submodule of N. This is commonly denoted by (mj,...,m,). This is “the R-
submodule of N generated by A = {m;,...,m,}”, in the sense that it is the smallest
R-submodule of N containing A (i.e. if M is an R-submodule of N such that A € M, then
R-mi+---+R-m, CM.

More generally if A is any subset of M, then the R-submodule of N generated by A,

defined as
k
j=1

is the smallest R-submodule of N containing A. (Note that this reduces to Definition 7.37
in the case N =R.)

k>0,s1,...,5t €R, ny,...,np GA},
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8 Modules

If M is any R-submodule of an R-module N, then M is a subgroup of N under ad-
dition, normal since N is abelian, so we can form the quotient group N/M. Not only
is it an abelian group, but we make it an R-module with scalar multiplication defined
by r-(n+M)=(rn)+ M for r € R, n € N. We must first check that the operation
is well-defined, i.e. if n; = n,, then rn; = rn, (writing simply n for n + M, etc.): if
n, = ny, then n; —ny € M, so rn; —rn, = r(n; —n,) € M, and hence rn; = rn,. The
conditions in Definition 8.1 hold since

() 1g-n=1zn=nforalln €N;

(i) r-(ny+ny)=r-(ny+n,)=r(n; +ny)=rn; +rn,
=m1 +m2:r'ﬁ1+r'ﬁ2 fOI'aHI‘ER, ny,ny E€N.

(ii) (r+s)-n=(r+s)n=rn+sn=rn+sn=r-n+s-nforallr,se€R, neN;
(iv) r-(s-n)=r-sn=rsn=(rs)-nforallr,s€R, neN.

We call N /M the quotient R-module of N by M (or just the quotient module, as usual read
as “N mod M”.)

DEFINITION 8.17 If M and N are R-modules, then a function f : M — N is an R-module
homomorphism (or simply R-linear) if

(1) f(ml + mz) =f(m1) +f(m2) for all mq, My S M, and

() f(r-m)=r-f(m)forallr €eR, me M.
If f : M — N is a homomorphism of R-modules, then we say f is an isomorphism (of
R-modules) if it is bijective. (Once again, the inverse f ! as maps of sets is an R-module
homomorphism. So this notion of isomorphism coincides with the category theoretic
viewpoint.)

Note that the addition and scalar multiplication on the left-hand sides of the equa-
tions are on M, and on the right they are on N, and (i) means that f is a homomorphism
of groups under addition.

EXAMPLE 8.18 If M and N are Z-modules (i.e, abelian groups; see Example 8.2), then
f : M — N is a Z-module homomorphism if and only if it is a homomorphism of abelian
groups.

EXAMPLE 8.19 If R=K is a field and V and W are K-modules (i.e. K-vector spaces; see
Example 8.3), then f : V — W is a K-module homomorphism if and only if it is K-linear
(in the sense of maps between K-vector spaces).

EXAMPLE 8.20 If M is an R-submodule of an R-module N, then the inclusioni: M — N
(defined by i(m) = m) is R-linear, as is the projection 7 : N — N/M (defined by nt(n) =
n).

EXAMPLE 8.21 Let M be any R-module and fix s € R. Then the function f : M — M
defined by f(m) = sm (i.e. scalar multiplication by s) is R-linear. Indeed f(m + n) =
s(m+n)=sm+sn=f(m)+ f(n) forallm,ne M, and f(rm) =srm=rsm =rf(m)
forallr eR,me M.

EXAMPLE 8.22 The identity function on any R-module M is R-linear, and if f : M — N
and g : N — P are homomorphisms of R-modules, then so is g o f : M — P. Therefore
R-modules form a category, denoted R-mod. If M and N are R-modules, then

Hompg_oq(M,N)={f :M — N | f is R-linear}
is usually just denoted Homg(M, N).
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8 Modules

If f : M — N is an isomorphism of R-modules in the sense of Definition 8.17 (i.e.
a bijective R-module homomorphism), then the inverse function of f is R-linear, so f
is an isomorphism in the category of R-modules. We write Autz(M) for the group of
R-module automorphisms of M (i.e. R-linear isomorphisms f : M — M), so for example
Auti(R™) is isomorphic to GL,(R) (with the matrix A € GL,(R) corresponding to the
automorphism defined by x — Ax).

EXERCISE 8.23 Let M be any R-module and fix m € M. Show there is a unique R-
module homomorphism f : R — M such that 1z — m. In other words, Homg(R, M) =
Homg ({1}, M) = M.

If M and N are R-modules and f € Homgz(M,N), then im(f) = f(M) is an R-
submodule of N. Indeed we know already that it is a subgroup of N under addition,
and if r €R and n € im(f), then n = f(m) forsome me M, sorn=rf(m) = f(rm) €
im(f). Similarly ker(f) is an R-submodule of M since if r € R and m € ker(f), then
f(rm)=rf(m)=r0y =0y, so rm € ker(f).

EXAMPLE 8.24 Suppose that N is an R-module and fix m € N. Then the function f : R —
N defined by f(r) = rm is R-linear since f(r +s)=(r+sym=rm+sm = f(r)+ f(s)
and f(rs) = (rs)m = r(sm) = rf(s) for all r,s € R. Note that im(f) = R - m is the
R-submodule of N generated by m (see Example 8.14), and

ker(f)={reR|rm=0y}
is an R-submodule (i.e. ideal) of R (called the annihilator of m in R).
ExXAMPLE 8.25 Let N be an R-module and my,...,m, € N. Generalizing the preceding

example, consider f : R" — M defined by

n

flri,ro,. . rp) = Zrimi.

i=1

Then im(f) is (my, ..., m,), the R-submodule of N generated by {m,, m,,...,m,} of Ex-
ample 8.16.

If f : M — N is ahomomorphism of R-modules, then the First Isomorphism Theorem
for groups gives an isomorphism

¢: M/ker(f) — im(f)
m = f(m)

of groups (as usual writing m for the coset m + ker(f)). It is in fact an isomorphism of
R-modules: we know already that it is a bijective isomorphism of groups, so it suffices
to note that

p(rm) = p(rm) = f(rm) =rf(m) = ro(m)
for all r € R, m € M/ ker(f).

Similarly if M and M’ are R-submodules of an R-module N, then the Second Iso-
morphism Theorem for groups yields an isomorphism

M/(MnM)—= (M +M)/M’

of R-modules, and the Third Isomorphism Theorem yields a bijection between R-submodules
of N containing M and R-submodules of N/M.
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9 Direct products, direct sums and free modules

EXERCISE* 8.26 Continuing from Exercise 7.19, prove that to given an abelian group A
an R-module structure is equivalent to giving a ring homomorphism R — Endp,(A). It
may be helpful to reinterpret Example 8.2 in this context. So modules are the “ring ver-
sion” of group actions/representations. Writing a module this way is much less common
however.

9 Direct products, direct sums and free modules

If My, Ms, ..., M, are R-modules, then so is the product of the underlying abelian
groups
M; x My X -+ x M,
with addition and scalar multiplication defined componentwise, so for example
r-(my,my,...,m,)=(rmy,rmy,...,rm,)

for r € R and (my, m,,...,m,) € My x My X -+ X M,,. More generally

DEFINITION 9.1 For any collection of R-modules {M,},c4 indexed by a set A, we define
their direct product to be the R-module

[ [Ma={(mu)aeal my € M, forall a €A}
acA

with addition and scalar multiplication defined componentwise, i.e.
(ma)aEA + (na)aEA = (ma + na)aEA and r- (ma)aEA = (rma)aEA'
Note that its zero element is (0,),ca Where 0, is the zero element in M,, and the
additive inverse of (m,)gea i —(My)gea = (—My) gen-
IfA=1{1,2,...,n}, then [ [ ,c4 M is just My x M, X - -+ X M, but note that A can be
infinite in Definition 9.1.
EXAMPLE 9.2 LetR=R,A={i€Z|i>0} and M; =R for all i € A. Then

l_[Mi ={(x1,x9,...)|x;eRforalli €A}
ieA
is the set of infinite sequences of real numbers.

The direct product comes equipped with projection maps 7tp : [l,caMo — M p given
by (mg), — mg. These are in fact R-module homomorphisms. Note that given another
R-module N and R-module homomorphism ¢: N — [ [ ,c4 My, the composites

Y
N5 M= Mg
acA

are R-module homomorphisms. Denote these by ¢g. So from the data of amap ¢: N —
[ Ica M, we obtain a collection of R-module homomorphisms (pp: N — Mg)ges. We
claim the converse also holds, i.e. given any collection of maps (15 : N — Mg)gea, there

is a unique R-module homomorphism ¢: N — [ [, M, such that ng oY =1g. This
is defined by

P:N— [ M,
acA
ne— (Y 4(n))g-

After checking the details (exercise), we obtain the following proposition.
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9 Direct products, direct sums and free modules

PROPOSITION 9.3 For any R-module N, the map of sets
Homg(N, [ [,eaMa) — [ lpenHomg(N,M,)
' = (Tca o (P)aEA7
is a bijection.

Thus giving an R-module homomorphism N — [ [,.4 M, is equivalent to giving a
collection of R-module homomorphisms N — M,,.

REMARK 9.4 This is actually an example of a universal property. First note that the data
of a direct product and its projections can be drawn as:

l_[aEA Ma
Ty
% lﬂﬁ\&
M, Mg M,
(Note we do not insist that A is a countable set.) The universal property is that given
a similar collection of R-module homomorphisms from a module N, those maps factor

uniquely through the direct product: The universal property is then that given a diagram
of solid arrows:

e
N -~ > l_[aEAMa

(3

there is a unique R-module homomorphism ¢ making the diagram commute.

It is often helpful to think of the direct product [ [,c4 M, as “the closest object to
the collection (M) ea-

Note again that universal properties uniquely define objects (one really should con-
sider the maps 7, as part of the data here), but one still needs to give a construction to
show they exist!

EXAMPLE 9.5 Let A = N and M,, = Z/nZ for n € N. Using the universal property, we
can define a map Z — [ [,y Z/nZ using the quotient maps ¢, : Z — Z/nZ. We claim
that the resulting map ¢: Z — [ [,y Z/nZ is injective. This follows as the kernel of ¢
is contained in the ker(r, o ¢) = ker(y,) = nZ for all n, but (), nZ = 0. So infinite
products of torsion groups can be non-torsion!

We now define the direct sum of a collection of R-modules {M,},c4, Which has a
similar property for R-module homomorphisms from (rather than to) the M,

DEFINITION 9.6 For any collection of R-modules {M,},c4 indexed by a set A, we define
their direct sum, denoted @, M, to be the R-submodule of [ [ ,c, M, consisting of the
elements (mg),ea such that m, = 0 for all but finitely many a € A.

It is straightforward to check that € ,cq M, is indeed an R-submodule of [ [ 4 M,.

EXAMPLE 9.7 Let M; =R =R foralli € A= {i € Z|i > 0}, as in Example 9.2. Then
PDicaR is the set of sequences (x;,x,,...) of real numbers such that x, = 0 for all
sufficiently large n.
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9 Direct products, direct sums and free modules

For a direct sum, for each a € A, there is an R-module homomorphism ¢, : M, —
DpeaMp sending m € M,, to the element (mg)gea such that

[ m, ifa=p;
mp = 0g, otherwise.

Thus if Y : @ 4eq M, — N is an R-module homomorphism, then this gives an R-module
homomorphism ¢ o1, : M, — N for each a € A. We now claim that conversely,
given any collection of maps v, : M, — N, there is a unique R-module homomorphism
Y: @Pyea M, — N such that ¢ o1, = ¢,. On any element x which is zero except in
the a coordinate, we know what to do. Since x =t,(m) for some m € M,, we must set
P(x) = ¢ ,(m). The idea is that then any element of @, M, is a finite sum of such
elements. So the image of ¢ must be given by the formula

) P (Medaen) = Y almy).
acA

Note that by the definition of €,c4 M,, only finitely many of the m, can be non-zero,
so the same is true of the ¢ ,(m,) € N, and the sum makes sense. (To be precise, define
it as ), ,cp Yo(m,) for any finite subset B of A such that v,(m,) = 0 for all a ¢ B.)
Filling in all the details, we obtain:

PROPOSITION 9.8 The function

Homg(Pgca Mo, N) — [ [ en Homg(M,,N)

— Yoy,
is a bijection.

REMARK 9.9 This is also a universal property. Direct sums are the “closest objects from
a collection (M, ),e4”- That is given a diagram of solid arrows:

there is a unique map ¢ making the diagram commute.

EXERCISE 9.10 The direct product also has inclusion maps to: My, — [ [,cq Mq- Why
does the direct product not satisfy the universal property of direct sums? (Hint: Show
equation (4) can’t work, but equally we are forced to have it.) Conversely, the direct sum
has projection maps, why does the direct sum not satisfy the universal property of direct
products?

EXERCISE* 9.11 One reason to think of direct products and direct sums of modules as
satisfying a universal property, as opposed to constructed in terms of sequences, is that
the universal property definitions immediately generalise to any category. More specif-
ically, we say that an object denoted [ [,., M, of a category C is the direct product
of a collection of objects (M), whenever we have the property of (3) (or equivalently
Proposition 9.3 holds) within C. Some categories don’t have all direct products (/sums),
in that there does not exist an object satisfying the universal property for some choice

of [ [, M-
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9 Direct products, direct sums and free modules

Determine the products®® and coproducts within Sets. Repeat for more examples
of categories. Can you give examples where products/sums don’t exist (what would it
mean to show they can’t exist?). Consider especially the case when A = (, what is the
meaning of the empty direct product/sum?

DEFINITION 9.12 For any set A, we define the free R-module on A to be
F,=Pr.
aEA

We let e, denote the element t,(1) € F,.

EXAMPLE 9.13 If A = {1,2,...,n}, then F, = R" and ¢; = (0,0,...,0,1,0...,0) where
the 1 is in the i™ place.

EXAMPLE 9.14 For R = R and A = {i € Z|i > 0}, the free R-module F, = ;csR is
described in Example 9.7.

Note that in general e, = (04,p)pea, Where 5,5 = 1 or 0 according to whether or
not a = f3. Note that since
(ra)aEA = Z Ta€qs
a€A
every element of F, is uniquely expressed as an R-linear combination®® of the elements
eqy-

Since free modules are direct sums, they have a universal property as in Remark 9.9.
But, this becomes especially nice in this case. The general universal property says that to
give an R-module homomorphism F, — N is equivalent to giving a choice of R-module
homomorphism R — N for each a € A. But we saw in Exercise 8.23 that Homg(R,N) =
Homg({1},N) (i.e. homomorphisms from the trivial module are determined by the
image of 1 and any choice of image is possible). In conclusion

choices of the image of 1

H F,, N
omg(Fy, N) = {for eachae€A

} < Homg (A, N).

We have shown:

PROPOSITION 9.15 For each map of sets f : A— N, there is a unique R-module homomor-
phism ¢ : F, — N such that ¢(e,) = f(a) for all a € A. In other words, free modules
satisfy the following universal property:

AL)N

l P

A L
27 Af

Fy
where i, denotes the map of sets A— F, given by a — e,,.

Note that this is exactly the analogue of the universal property of free groups (Re-
mark 6.11).

22This is slightly circular in the case of Sets! Note also, in this exercise you can see that we no longer
have that direct products come with canonical inclusion maps as well as their required projections and v.v.
for direct sums, this was a special feature of R-mod.

23Note that since only finitely many of the r, are non-zero, the sum can be interpreted as a finite sum,
i.e.as . cpq€, for some finite subset B of A.
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9 Direct products, direct sums and free modules

DEFINITION 9.16 We say an R-module M is free if M is isomorphic to F4 for some set A.

If ¢ : F, — M is an isomorphism, we say that the set { p(e,)|a €A} is an R-basis for M
(indexed by A).

Note that if M is a free R-module and the set B = {m,|a € A} is an R-basis for M
indexed by A, then each element of M can be expressed uniquely as a (finite) R-linear
combination of elements of the R-basis I3 (since the same is true for F, for the R-basis
{e,|a€A}). This means that

(1) M is generated by B (as an R-module), i.e. M = (B) (see Example 8.16),

(ii) and B is linearly independent (over R) in the sense that if (r,),ea € F, is such
that >}, rqMmg =0, then r, =0 for all a € A.

Conversely if M is an R-module and B is a subset of M satisfying (i) and (ii), then the
R-linear homomorphism ¢ : Fg — M corresponding to the inclusion B — M is an
isomorphism, so M is free and 15 is an R-basis for M in the sense of Definition 9.16. (We
will just say basis instead of R-basis when R is clear from the context.)

EXAMPLE 9.17 If R =7 and M is a free Z-module, then M is isomorphic to P ecpZ for
some set A, so if A is finite, say of cardinality n, then M is isomorphic to Z". Note that
Z" has infinitely many bases (if n > 1); for example {(1,m), (0, 1)} is a basis for Z? (for
any m € 7).

EXAMPLE 9.18 On the other hand Q is not a free Z-module. Indeed suppose that 5 were
a Z-basis for Q. Note that Q is not a cyclic Z-module (since for example r/2 & (r) if
r € Q*), so B must contain at least two distinct (necessarily non-zero) elements, say
r=a/b,s=c/d, where a,b,c,d € Z (with a, b, c,d # 0), but then bcr —ads =0, so r
and s cannot be linearly independent.

We will show that if K is a field, then every K-module (i.e. K-vector space) is free (i.e.
has a basis). This fact should be very familiar for finite-dimensional vector spaces, the
idea of the proof being that any maximal linearly independent subset of a vector space
V in fact spans V, and hence is a basis. The general proof is based on the same idea, but
one must be more careful in making sense of the word maximal, and the fact that such
maximal subsets exist relies on an axiom from set theory called Zorn’s Lemma2*,

We first recall some definitions from set theory needed for the statement of Zorn’s
Lemma:

DEFINITION 9.19 A partial ordering on a set S is a binary relation < on S (so < is a
comparison on pairs of elements of S, but not every pair of elements are comparable)
which is
(i) reflexive, i.e. x < x for all x € S;

(ii) anti-symmetric, i.e. if x,y € S are such that x < y and y < x, then x = y;

(iii) transitive, i.e. if x,y,z € S are such that x < y and y < 2, then x < 2.
Suppose that S is partially ordered (with respect to <) and 7T is a subset of S. We say
that

e an element x € S is an upper bound for 7 if y < x for all y € T (note x need
not lie in 7);

24Usually, one instead assumes the axiom of choice and deduces Zorn’s lemma as a consequence. If
you are unwilling to assume Zorn’s lemma/the axiom of choice, then you lose the existence of bases.
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9 Direct products, direct sums and free modules

e an element x € 7 is maximal (in 7) if the only element y € T such that x < y
is y = x (note this does not mean that y < x forall y € T);

e 7T is a chain if for every x,y € T, we have x < y or y < x. Alternatively,
chains are subspaces such that < restricts to a total ordering (as now any two
elements are comparable).

There are of course similar notions of lower bound and minimal element. Recall also
that < is a total ordering on S if (in addition) it has the property that for every x,y € S,
we have x < y or y < x (i.e. S is itself a chain). Note also that every subset of a chain
is a chain.

EXAMPLE 9.20 Consider the relation < on S = R? defined by (x,y) < (x/,y") if x < x’
and y < y’. Then < is a partial ordering.

The subset {(x,x)|x € R} is a chain, with no upper bound in R? and no maximal
elements. Its subset {(x,x)|x < 0} (also a chain) has as an upper bound in R? (for
example (0, 0)), but it has no maximal elements.

The subset 7 = {(x,—x)|x € R} is not a chain; every element of 7 is maximal,
and 7 has no upper bound in R?.

The subset C = {(x,y)|x?+ y? = 1} is not a chain. An element (x,y) € C is
maximal if and only if x > 0 and y > 0. An element (x, y) € R? is an upper bound for
Cifandonlyif x > 1and y > 1.

Zorn’s Lemma can be stated as follows:

LEMMA 9.21 Suppose that S is a partially ordered set with the property that every chain
contained in S has an upper bound in S. Then S has a maximal element.

(Very loosely, Zorn’s lemma says that if you can deal with chains, it can deal with
arbitrary subsets.)

THEOREM 9.22 If K is a field and V is a K-module, then V is free (i.e. V has a basis).

Proof. Let S denote the set of linearly independent subsets of V. Then § is partially
ordered with respect to inclusion.

We show that S satisfies the hypotheses of Zorn’s Lemma. Suppose that 7 C S is a
chain. (It may be helpful to think of this as a sequence of increasing subsets

i CA; CAiyy CAn C ooy

each of which is linearly independent, but in fact 7 need not be countable, so we need
not have quite as nice a picture.) We will show that 7 has an upper bound in S. We
want this to be given by B = [ J ac7 A, but we must show that B € S, i.e. that B is linearly
independent.

To show this, suppose that Z?:l r;v; = 0 for some elements r;,...,r, € K and
(distinct) v4,...,v, € B. We claim that in fact v;,...,v, € A for some A € 7. We prove
this by showing, by induction on i, that v,,...,v; € A; for some A; € T. Clearly since
vveB=J ae7 A, we have v; € A; for some A; € 7. Suppose then that 1 <i<n—1
and vy,...,v; €A; for some A; € T. Since v;,; € B, we have v;,; €A’ for some A’ € T.
By assumption 7 is a chain, so either A’ C A; or A; C A’. Thus letting A;,; = A; or A’
accordingly, we have vy,...,v;,v; .1 € A;,1, as required.
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9 Direct products, direct sums and free modules

In particular since vy, ...,v, €A, and A, is linearly independent (sinceA, € T C §),
it follows that r; = ... = r, = 0. This proves that B is linearly independent, i.e. B€ S.
It is clear that A C B for all A€ T, so B is an upper bound for 7.

It now follows from Zorn’s Lemma that there is a maximal element A € S. By the
definition of S, A is linearly independent, so it just remains to prove that V is generated
by A, i.e. that V = (A).

Suppose then that v € V. If v € (A), we are done. So suppose otherwise and consider
the subset A" = AU {v} of V, which is necessarily larger than A. Since A is a maximal
element of S and A C A’, we must have A’ ¢ S, i.e. A’ is not linearly independent. This

means that
n
rv+ Z rivi=0
i=1

for some r,rq,...,r, € K, not all zero, and distinct v,...,v, € A. Since A is linearly
independent, we must have r # 0. Since K is a field, we have an element r—! € K, and

n
V= Z(—’"_l rvi € (A),
i=1
as required. O

EXERCISE 9.23 In the above proof, understand why the argument wouldn’t work if didn’t
assume that 7 was a chain (...upper bounds of non-chains need not exist...).

EXAMPLE 9.24 Let K =R and A = {i € Z|i > 0}, and consider the R-module V =
[ [;c4sR described in Example 9.2. Note that the subset {e;|i € A} (where ¢; =
(0,...,0,1,0,...) has a 1 in the i place) is a basis for the R-submodule F, = @, R of
V. So {e;|i € A} is a linearly independent subset of V, but it is not a basis for V since
it does not generate V (convince yourself of this!). On the other hand, Theorem 9.22
implies that V is a free R-module, so it has some basis, say B.

We claim that B is uncountable (not examinable). For this it suffices to prove
that V has an uncountable linearly independent subset S°. For each r € R, let v, =
(1,r,7%,..) € V, and let S = {v,|r € R}. Then S is linearly independent since if
ri,..., T, are distinct real numbers, then the Vandermonde determinant formula shows
that the set of vectors

{(1,ri,rl.2,...,ri”_1)|i= 1,...,n}
is linearly independent in R".

In particular, this shows that V is not isomorphic to F, (which has a countable basis).
Note that this is not immediate from the fact that F, is a proper subspace of V. (For
example, F, is isomorphic to its proper subspace spanned by the elements {e;|i > 1}.)

In the spirit of this course, it is worth pointing out that using Zorn’s lemma to produce
maximal objects is ubiquitous across this area. Necessarily, the proofs all have the same
template, showing that chains have upper bounds!

EXERCISE* 9.25 Show that, assuming Zorn’s lemma, every ideal I of a ring R is contained
in a maximal ideal. Take S to be the set of ideals containing I which are not equal to R.
Once again, understand why we can only provide upper bounds for chains in general.

25Every element of V is in the span of a finite subset of B, and if S is linearly independent, then each
finite subset of B can have only finitely many elements of S in its span. If 3 were countable, then the set
of finite subsets of B would be countable, and therefore S would have to be countable.
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10 R-linear and R-bilinear maps

10 R-linear and R-bilinear maps

EXAMPLE 10.1 Consider R as a module over itself. Recall that the product R x R is also
an R-module. We can define a map of sets

P:RxR—R
(r,s) —> rs.
This is not even a map of abelian groups! For example,
P((1g,0r)) + p((Og, 1g)) = 1g - Og + Og - 1g = Og + Og = Og # 1z = p((1g, 1r))
(unless R is the zero ring). More generally,
(r+rs+s)=>(r+r)s+s)=rs+r's+rs'+r's' #rs+71's’.

The map p is a perfectly reasonable map to consider in nature, but doesn’t fit into
our rigid notion of R-linear morphisms.

DEFINITION 10.2 Suppose that M, N and P are R-modules. We say that a function
p : M x N — P is R-bilinear if

e p(m+m’,n)=p(m,n)+ p(m’,n) for allm,m’ € M, n €N;

e p(m,n+n’)=p(m,n)+ p(m,n’) forallme M, n,n’ €N;

e p(Am,n)=Ap(m,n)=p(m,An) forall A€R,meM,neN.
EXERCISE 10.3 Check this is equivalent to showing that

p(rm+r'm',sn+s'n")=rsp(m,n) +r'sp(m’,n) + rs’p(m,n’) +r's’p(m’,n’)

forallr,r’,s,s’€R, m,m’ € M, n,n’ €N.
EXAMPLE 10.4 The map of Example 10.1 is R-bilinear. For example, p(Ar,s) = (Ar)s =
A(rs) = Ap(r,s) =r(As) = p(r, As).

Note, we continue to assume that R is commutative. There is a theory for non-
commutative rings, but it requires more care.

EXAMPLE 10.5 More generally let M = Rn, let N = P be any R-module and consider the
map p : Rx N — N defined by scalar multiplication, i.e. p(r,n) = rn. The fact that p is
R-bilinear then follows from the R-module axioms, and the commutativity of R.

EXAMPLE 10.6 Let R=R and M =N = P = C. We claim that the map
p:CxC—C
(x,y)— xy

is R-bilinear. This follows as the map is C-bilinear by Example 10.4 and to be R-bilinear
is weaker than to be C-bilinear. We also have that

pl:CxC—C
(x,y)— xy

is R-bilinear. Now we can no longer appeal to the fact that the map is C-bilinear. We
can either check the axioms directly or note that if ¢): N x M — P is a R-bilinear map
and f: M’ — M is an R-linear map, then v o (id, f): N x M’ — P is R-bilinear, where
forusy =p and f(y)=1y.

There are also many other interesting sources of R-bilinear maps. One such is out-
lined below.
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10 R-linear and R-bilinear maps

Composition of R-module homomorphisms (not lectured)

We claim that Homg(M, N) is in fact an R-module, with addition and scalar multi-
plication defined as follows: if ¢, p’ € Homg(M,N) and r €R, then
o+e': M - N and r-p: M — N
m = @(m)+¢’(m) m - re(m).

There are many (easy) things to check to verify this claim, firstly that ¢ + ¢’ and r - ¢
are in Homz (M, N), i.e. that they are indeed R-linear. Having done that one also needs
to check that the operations thus defined satisfy the R-module axioms in Definition 8.1.
We carry out a few of the checks, leaving the rest as an exercise. For example, to see
that ¢ + ¢’ € Homg(M, N), note that
(p+¢)m+m) = o(m+m)+e(m+m’)

= p(m)+ p(m)+ ¢’'(m)+ ¢’'(m")

= (¢+¢)m)+ (¢ +¢)m)
for all m,m’ € M, and similarly we find that (¢ + ¢")(rm) = r((p + ¢’)(m)) for all
r € R, m € M. To verify one of the R-module axioms, namely the distributive law
re(p+p )= @)+ (r-¢’) (forr €R, ¢, ¢’ € Homg(M,N)), note that

(r-(p+9Nm) = r((¢+9)m)
= r(p(m)+¢'(m))
= r(p(m))+r(p’(m))
= (r-@)m)+(r-¢')(m)
= ((r-@)+(r-¢))(m)
for all m € M (where all the equations follow from the definition of the operations on
Homg(M, N), except the third, which uses the corresponding distributive law on N).

EXERCISE 10.7 What would have happened if we’d instead defined scalar multiplication
by r-¢ =(mw— ¢(rm))?
EXAMPLE 10.8 Let M = R™ and N = R". By Proposition 9.15, to give an R-linear map

¢ : R™ — R" is equivalent to specifying the elements ¢(e;) for j = 1,...,m, where
e1,...,en are the standard basis elements of M = R™. Writing ¢(e;) = Z?:l a;ifis
where fi,..., f, are the standard basis elements of N =R" and q;; €R fori =1,...,n,
we see that to give such a ¢ is equivalent to giving an n x m-matrix

ap; dip 0 iy

gy dzp - dopy

A= . . .
An1 Qn2 " Apm

with entries a;; € R. Denoting this matrix by (a;;); ; and the set of such matrices by
M, »(R), we thus have a bijection

(5) Mn,m(R) — HomR(RmaRn)’

under which the matrix A = (a;;); ; corresponds to the R-linear map ¢, : R" — R"

defined by
Pa (Z rjej) = Z (Z aijrj)fi:

j=1 i=1 \(j=1
i.e. writing the elements of R™ and R™ as column vectors, we have (p,(x) = Ax for x €
R™. Furthermore the bijection (5) is in fact an isomorphism of R-modules (with the
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11 Tensor products: the definition

R-module structure on Homg(M,N) defined above, and the obvious one on M, ,(R)
given by addition and scalar multiplication of matrices). Note also that M,, ,,(R) is a free
R-module, with basis { E;;|i = 1,...,n, j = 1,...,m} where E;; is the matrix with (i, j)
entry equal to 1 and all other entries 0, so that

(a;j)ij = ZaijEij-

i,j
Now suppose that L, M and N are R-modules, so we have the map
Homg(L,M) x Homgz(M,N) — Homg(L,N)
Y, ) —  poy
defined by composition. We claim that this map is R-bilinear.
EXAMPLE 10.9 For any R-modules L, M and N, the composition map
Homg(L, M) x Homg(M,N) — Homg(L,N)

is R-bilinear. For the first condition, we must show that if v,v)’ € Homg(L, M) and
¢ € Homg(M,N), then ¢ o (¢ + ") = (p o) + (¢ o1p’). This holds since

(o +yNW) = oy +y)0)
= o) +y'(0)
= p(WO)+o((0)
= (poy)O)+(p oy )C)
= (¢ o)+ (g oY)

for all £ € L, where all the equalities follow from definitions, except the third, which
uses that ¢ is a homomorphism. We leave verification of the other two conditions in the
description of bilinearity as an exercise.

Note that as a special case, we see that matrix multiplication (as in Example 10.10)
is R-bilinear (as one can also check directly).

EXAMPLE 10.10 Let L = RY, M = R™ and N = R". We saw in Example 10.8 that
Homg(M, N) is isomorphic to M, ,,(R) (as an R-module), with the matrix A € M,, ,,(R)
corresponding to the R-linear map ¢, : M — N defined by p,(x) = Ax. Similarly
Homg(L, M) is isomorphic to M, ,(R), the matrix B € M,,, ;,(R) corresponding to ¢p :
L — M defined by ¢g(y) = By. Thus the composite ¢, © ¢p is the R-linear map L — N
sending x to

ealpp(x)) = A(Bx) = (AB)x = @ap(x),
where AB € M, ;(R) is defined as usual by matrix multiplication. Thus under the R-
module isomorphisms Homg (M, N) = M,, ;,(R), etc., the map defined by composition of
R-module homomorphisms corresponds to the map

pP: Mm,Z(R) X Mn,m(R) — Mn,E(R)
B , A — AB

defined by matrix multiplication. It is easy to directly check this is R-bilinear (as it must
be by the above) and not R-linear.

11 Tensor products: the definition

Before giving the general definition of the tensor product of two R-modules, let us
first consider the case where R = K is a field. Suppose that V and W are vector spaces
over K, say of (finite) dimensions m and n, with bases 5 = {eq,...,e,,} (for V) and
C={f1,...,fn} (for W).

54



11 Tensor products: the definition

As a provisional first definition, let V ® W denote the K-vector space of dimension
mn with basis B x C, but write e; ® f; for the basis element (e;, f;), so that

VerW= { Zri,j(ei®fj) rij€EKfori=1,...,m,j= 1,...,n}.

i,j
More generally, let us continue to assume that R =K is a field, but drop the assumption
that V and W are finite-dimensional. Letting {e,|a € A} be a basis for V and { f5 | 8 €
B} a basis for W, we define V ® W to be the K-vector space with basis elements e, ®

fp = (eq, fp) indexed by A x B. Thus the elements of V ®, W have the form
Z ra,ﬂ(ea ®f/3):
a€A,fEB

where the r, g € K are such that r, g = 0 for all but finitely many (a,3) €A x B.

Note that there is a unique K-bilinear map
T:VXW — VerW

such that 7(e,, fg) = e, ® f for all @ € A, f € B. Indeed if v = D, ., 74, €V and
w=> peBSp fp € W (with all but finitely many r, and sg equal to 0), we are then forced
to have

T(v,w)=71 (Z I'u€as Zsﬁfﬁ) = Z raSp T(eq, fp) = Z raSpleq ® fp)
acA

BeB a€A,pEB a€A,feB

(with the middle map being the R-bilinearity condition). To see that this actually is

K-bilinear, note that if v and w are as above and v/ = )| acA r(;ea €V, then

Tv+v,w) = Za’ﬂ(ra+r;)sﬁ(ea®f/3)
= (Za,p rasp(eq ®f/5)) + (Za,[j rosp(eq ®f/5))
= t(v,w)+1(v, w);
similarly 7(v,w +w') = t(v,w) = t(v,w’) forallv € V, w,w’ € W, and 7(rv,w) =
rt(v,w)=1(v,rw)forallreK,veV andweWw.

For (v,w) € V x W, we will write v @ w for the element 7(v,w) of V ®, W. Note that
this is consistent with our previous notation since T(e4, fg) = e, ® fg. The following
remark is very important!

REMARK 11.1 We call elements in the image of T (i.e. of the form v ® w) simple tensors.
We now show that not every element of V ®, W is a simple tensor, i.e. T need not be
surjective! Let V = W = K2. Then consider e; ® e, + ¢, ® e; € V ®; W. Suppose that
T(v,w) = e; ® ey + e, ® e for some v, w € K2. Write
V=Qaqeq + As€9,
w = f1e; + Baey.
Then
T(v,w) = t(ase; + azes, freg + Baes)
= a1 f17(er,e1) + a1 Batler, ex) + azfyt(es, e1) + azfatles, er)
=a;f1(e; ®er) +aifale; ®ey) +azfile; ®er) +azfale; ®ey).
Since the e; ® e; form a basis, we deduce that a;8; = 0 so that either a,; or f3; equals

zero. In either case, one of a;f,(e; ® e;) or ayf3;(e; ® e;) equals zero. But this is a
contradiction. In fact, the image of T isn’t even a vector space (why?)!
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11 Tensor products: the definition

In particular, V ®x W is not just V. x W (in general). We can see this much more
quickly since dimg(V x W) = dimg V + dimg W whereas dimg(V @ W) = (dimg V) -
(dimg W).

Suppose now that U is any K-vector space and p : V x W — U is any K-bilinear
map. We claim that there is a unique K-linear map ¢ : V®x W — U such that p = por,
i.e. such that the following diagram commutes:

(6) VxW LU

Ver W

Indeed to define a K-linear map ¢ : V®gW — U amounts to specifying the image of each
basis element e, ® fg, which need to be given by ¢(e, ® fg) = v(7(eq, f5)) = peq, fp)-
To see that this gives @ (7(v,w)) = p(v,w) for all v € V and w € W, we can write
V=D calale and w = ZﬁeB spfp (with only finitely many non-zero coefficients as
usual), and note that

p(r(v,w)) = cp( >, rasﬁ(emfﬁ))
a€A,peB
= Z ra5ﬂ¢(6a®fﬂ)
a€A,BeB
= D rusppleq fp) =p,w),
acA,feB

where the last equality follows from the K-bilinearity of p.

Diagram (6) of course is saying that the tensor product of vector spaces satisfies a
universal property! “The map ¢ is the closest R-linear map to the R-bilinear map p!” It
is now clear what we would want of the tensor product “M ® N” of R-modules over a
general ring R. It should come equipped with an R-bilinear map 7: M XN - M ®z N
satisfying the following universal property:

For any R-module P and R-bilinear map p: M x N — P, there should be a unique
R-linear map ¢ : M ®; N — P such that the following diagram commutes:

7) MxN-2—p

7
s
Tl 7
7
PR

M ®z N

As with the other universal properties, this uniquely constrains the tensor product if it
exists (see the following exercise). But we still have to construct it! Before it was quick to
construct the object and then check it satisfied the universal property, but over time you
will encounter more objects where it is much shorter to give the property characterising
the object than construct it (and in fact it might not exist!). We know how the tensor
product should behave even though we haven’t found it!

EXERCISE 11.2 The tensor product is uniquely determined (“unique up to unique iso-
morphism”) by the universal property. In other words, if there was another R-module
T and R-bilinear map ©’: M x N — T such that there exists a map ¢’ as above for all
p, then T is isomorphic to M ®; N by a unique R-module homomorphism. (Hint: look
back at Remark 6.11.)
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11 Tensor products: the definition

To define such a tensor product and 7, letA= M x N, and let F, be the free R-module
on A, so its elements are sums of the form

§ "m,n€m,n>
(m,n)eA

where each r, , € R and r,, , = O for all but finitely many pairs (m,n) A= M x N. We
then set M ®; N = F,/S where S is the R-submodule of F, generated by the set of all
elements of the form:

® Cnimin—€mn— € form,m’ € M, n€N;
® Cnin —€mn—emy formeM, n,n’ €N;
®emn—Tey,forrER, meM,neN;

e e, n—Tey,,forreER,meM,neN.

Alternatively put,

€m+m’,;n — €mn — €m/,n>
€mn+n’ — €mn — €myn'>
(8 MeyxN=( MxN|. ™ : ’

€rmn — Tem,n>

€m,rn — T€mn

We now define 7 to be the composite map of sets

MXxN

1
T:M XN — FMXNE)M®RN
(m,n) = enpn = epnn
(where if x € F,, then we write x for the image under the quotient map 7: F4 — F,/S).
We claim 7 is in fact R-bilinear: Firstly since e, p/n —€mn —€m n €S, we have
T(m+m',n) =Cnpmn = €mn + mn = T(m,n) + 7(m’, n)
if m,m’ € M, n € N, and similarly t(m,n+n’) = t(m,n) + t(m,n’) if me€ M, n,n’ €N.
Furthermore since e,,, , = re,, ,, we have
t(rm,n) =€, =reéy,, =rt(m,n)

and similarly t(m,rn) =rt(m,n)ifreR,me M and n € N.

Note that 7 is defined as a composite of M x N — Fy;,n and an R-module homo-
morphism 7. This first map of sets is not only not bilinear, but not even a map of abelian
groups®®. The map 7 only becomes R-bilinear having additionally quotiented by S. This

method of constructing an object by simply forcing all the desired properties we want
onto it, e.g. bilinearity of the map 7, is a common method in modern mathematics.

We now prove that (7) holds.

PROPOSITION 11.3 Let M, N, T and 7 be as above. If P is an R-moduleand p : M XN — P
is an R-bilinear map, then there is a unique R-linear map ¢: M ®y N — P such that

p=poT.
Proof. We must prove that there is a unique R-module homomorphism ¢ : F,/S — P
such that
p(m,n)=¢(t(m,n)) = p(en,)
forall(m,n)eM x N =A.

261t is the map of sets i),y defining the universal property of a free module, see Proposition 9.15
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11 Tensor products: the definition

By Proposition 9.15, there is a unique R-module homomorphism ¢ : F, — P such
that ¢(e;, ,) = p(m,n) for all m,n € A. In order to define ¢, we will show that S C

ker(p).
Since p is R-bilinear, we have
@(em+m’,n) = p(m + m/) n) = p(m’ Tl) + P(m/: Tl) = @(em,n) + @(em’,n)

for all m,m’ € M, n € N, and therefore &(e,m/.n—€mn—€m.n) =0, 1.€. €.
e n € ker(¢). Similarly we find that

n—€mn—
@(em,n+n’) = (;E(em,n) + @(em,n’)
forallme M, n,n’ €N, and

@(erm,n) = r@(em,n) = L)?5(6m,rn)
forallr € R, me M, n € N. It follows that the subset of F, generating S is contained in
ker(®), and hence that S C ker(®).

By the first isomorphism theorem, we therefore get a well-defined R-module homo-
morphism
Fy/S — Fu/ker(3) — P
x — x+ker(p) — @(x).
We set ¢ : F4/S — P to be this composite.
In particular,
p(m,n) = @(enn) = ¢(€n,n)

for all (m,n) € A, as required. This also shows that ¢ is unique, we know that that e,, ,
generate F,/S and so ¢ is uniquely determined by the fact that (e, ,) = p(m,n). 0O

Another way to think about Proposition 11.3 is that there is a bijection

) HomR—bilinear(M XN, P) — HOII’IR(M ®r N, P)
(10) p—
(1D To @ .

DEFINITION 11.4 Suppose that M and N are R-modules. We call M ®; N the tensor
product of M and N (as R-modules). We write m ® n for the element t(m,n) € M @z N,
where 7 : M x N — M ®; N is the R-bilinear map defined above.

We now have two very abstract descriptions of the tensor product M ®; N of two
R-modules M and N. One in terms of a universal property and one in terms of a quotient
of a very large group by a lot of relations. In the next section, we shall actually compute
some concrete examples, but we first give one example we understand:

ExAMPLE 11.5 When R = K, the abstract construction of tensor product coincides with
the original construction at the start of this section. We know this as we have seen that
they both satisfy the universal property (6), so must be “the same”! More explicitly,
if V,W are vector spaces with bases {e, | a € A} and {fg | B € B}, then there is an

isomorphism
{Z rij(e; ®fj)} — Fyun /S

i,j

PR CLINE=DY i je. f;
0

L,j

given by
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12 Tensor products: examples and properties

(this formula is coming from the universal property).

EXERCISE* 11.6 The presentation (8) is clean in that it is general and doesn’t require
choices. It is, however, astronomically large, almost all of which is redundant. Suppose
that M, N are generated by A, B respectively. Define an R-module of the form

(AX B |R)
for some choice of relations R such that there is a choice of 7 for this module for which it
satisfies the universal property of the tensor product (i.e. it is the tensor product). (Hint:

Maybe some good examples are sufficient in lieu of a complete proof. A starting point would
be to compare the construction of (8) to the construction in the field case.)

12 Tensor products: examples and properties

Suppose that M and N are R-modules. Recall thatif me M and n € N, then m®n
denotes the element e,, , = 7(m,n) of M®y N = Fy;,/S. We call elements in the image
of T simple tensors. Recall that we have the following rules for simple tensors:

(m+m)®n=(m®n)+(m ®n),
(12) m®((n+n)=(men)+(men’),
(rm)@n=r(m®n)=m® (rn).

These come from the definition of S in the construction of M ®; N or more immediately
from the R-bilinearity of 7. Since all elements of M ®; N are linear combinations of
simple tensors, these rules completely describe how to manipulate elements of tensor
products! Even more importantly, simple tensors are exactly those in the image of the
map 7: M x N — M ®; N, so they are the ones whose image we understand completely
under maps induced from the universal property (7) (they go where p tells them!).

Note in particular that
0y ®n = (0g0y) ® n = 0g(0y ® n) = Opren
for all n € N, and similarly m ® Oy = Opygy for allm € M.
EXAMPLE 12.1 Let R = Z. We claim that
7./27.®,Z/3Z = 0.

Since all elements are linear combinations of simple tensors, it suffices to show that
all simple tensors are equivalent to zero by the relations (12). Let a,b € Z. Then
3a =a (mod 2). So

a®b=3a®b=a®3b=a®0=0,
since 3b = 0 (mod 3).

Note that this shows that there are no non-zero Z-bilinear maps Z/2Z ®,Z/3Z — A
for any Z-module A (i.e. abelian group) . This is by (9).

The above example was quite constructive, using the definition of the tensor product
as F,/S. The universal property equally useful for explicit computations:
EXAMPLE 12.2 Let R = Z. We claim that
(Z/mZ) ® (Z/nZ)

is canonically isomorphic to Z/ ged(m,n)Z, via a map ¢ defined on simple tensors by
¢(a®b) = ab (if this is well-defined, this uniquely defines ¢ as every element is a linear
combination of simple tensors). To produce an R-module map out of a tensor product,
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12 Tensor products: examples and properties

we are always looking to use the universal property (7). In this case, we use that there
is a bilinear map

p:Z/mZ x Z/nZ —> 7/ gcd(m,n)Z
(a,b) +~—ab.
This really is bilinear, for example,
pla+d,b)=(a+a’)b=ab+ab’ =p(a,b)+p(a’,b),

where the middle equality uses that ged(m,n) divides m (why?). So from universal
property

Z/mZ x Z./nZ L 7/ ged(m,n)Z

Tl -~ -
(Z/mZ) ®, (Z/nZ)

we obtain a well-defined Z-module homomorphism ¢ : (Z/mZ)®,(Z/nZ) — Z/ gcd(m,n)Z,
as desired. It is also clear that ¢ is surjective as ¢(a ® 1) = a. It remains to show ¢ is
injective. To see this, first note that any element of Z/mZ ®, Z/nZ is of the form a ® 1.
This is because, using (12), for any simple tensor

xy=x®(y-1)=xy®1,
whilst any finite sum of such tensors can be contracted via
2@1+2®1=(z+2)®1.

It then suffices to show that if a = a’ (mod ged(m, n)), then a ® 1 = a’ ® 1 as we know
that ¢ is injective on such elements. Or equivalently, if a = 0 (mod gcd(m, n)), then
a ® 1 = 0. But, under this assumption, there exist a, 8 € Z such that

an+pfm=a.
So
a®l=(an+pm)®1
=(an)®1+(fm)®1
=(an)®1+1®(fm)
=0.
So we find that ¢ is an isomorphism.

EXAMPLE 12.3 Consider the case where M = R. We claim that R ®; N is isomorphic to
N (as an R-module). To see this define ¢ : N - R®z N by ¢(n) = 1 ® n (writing 1 for
1zr). Then 1) is R-linear since

Yn+n)=10(n+n)=>0®n)+(1en)=1yHn)+yY[n)

foralln,n” e N,and y¥(rn)=1®(rn)=r(1®n)=rvy(n) forallr R, n €N.

To prove that 1) is an isomorphism, we shall use the universal property (Proposi-
tion 11.3) to show that ¢ has an inverse. To start with, we saw in Example 10.5 that
there is an R-bilinear map

P:RxN—N

(r,n) — rn.
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12 Tensor products: examples and properties

So by the universal property, there is an R-linear map ¢ such that:

RxN LN

R®z N
We claim that ¢ is the inverse of ¢. Indeed,

() =e(1en)=¢(r(1,n)=p(,n)=n

Now to show that 1) o ¢ = idgg,y, first note that since every element of R®; N is a linear
combination of simple tensors and all maps are R-module homomorphisms, it suffices
to show equality on elements of the form r ® n. Now

Y(e(ren))=y(e(t(rn))=y(p(rn)=y@rn)=1ern,
but 1® rn =r ® n by (12), so we win!

EXERCISE 12.4 More generally, consider the case when M is the R-module R/I, where I
is an ideal of R. Show that if N is an R-module, then

(R/I)®; N

isisomorphic to N/IN, where IN is the submodule of N generated by the subset {an|a €
I,n € N }. Use this to quickly prove Example 12.2.

LEMMA 12.5 Suppose that 0 : M — M’ and ) : N — N’ are homomorphisms of R-modules.
Then there is a unique R-module homomorphism

¢ :M®N— M &N’
such that (m®n) = 0(m)®y(n) forallme M, n €N.

Proof. As usual, we will apply Proposition 11.3. We just need to show that there is an
R-bilinear map
P:MxN—P=M ®;N’
defined by p(m,n) = 0(m) ® ¢y (n).
To show that p is R-bilinear, note that

p(my+my,n) = 6(m;+my)@yY(n)
= (0(my)+6(my)) ®Y(n)
= (6(my)®(n))+(0(my) ® y(n))
= p(my,n)+p(my,n)

for all m;,my € M, n € N. Similarly we find that
p(m,n; +ny) = p(m,ny) + p(m,ny)

forallm € M, ny,n, € N, and p(rm,n) = rp(m,n) = p(m,rn) forallr e R, me M,
neN.

Applying Proposition 11.3, we conclude that there is a unique R-linear map ¢ :
M ® N — P such that

p(men)=yp(t(m,n))=p(m,n)=0(m)®y(n)
forallme M, neN. O
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EXAMPLE 12.6 Suppose (in the situation of Lemma 12.5) that 6 and 1 are isomorphisms,
andlet { : M —» M and & : N’ — N be their inverses. Applying the lemma to 6 and
1) gives an R-linear homomorphism ¢ : M ®; N — M’ ®; N’, and we similarly obtain a
homomorphism y : M@z N’ — M ®x N from { and &. The composite y o : M ®; N —
M@z N sends m®n to 8({(m))® Y(§(n)) =me@n forallm e M, n €N, so (by the
uniqueness in Proposition 11.3) it must be the identity. Similarly we see that ¢ o y is
the identity, so ¢ and y are isomorphisms.

Tensor product and direct sums (not lectured)
We are now going to prove that tensor products “commute with direct sums”.

First consider the case of the direct sum of just two modules. Specifically, let M,
N; and N, be R-modules, and let N = N; ® N,. Applying Lemma 12.5 with M’ = M,
N’ =N, 6 =idy; and ¢ = 7ty : N — N; defined by 7t;(n;,n,) = n; (i.e. projection onto
the first component) yields an R-module homomorphism
p1:M®N—M®N;
such that ¢,(m ® (ny,n,)) =m®n, for all m € M, n; € Ny, ny, € N,.

Similarly, with the same M and N as above but replacing ¢ = 71; by my : N —» N,
(defined by 75(ny,n,) = ny), we obtain an R-module homomorphism ¢, : M @y N —
M ® N, such that p,(m ® (n;,n,)) = m® n, for all m € M, n; € Nj, n, € N,. We can
then define

¢:M®N—(M®N;)®(M®N,),
by p(t) = (¢1(t), ps(t)), so that p(m ® (ny,n,)) = (M®®n;,m®n,) forallme M,
n,; € Ny, ny €N,.

Similarly, letting 1) = t; : N; = N be the homomorphism defined by ¢,(n;) = (n;,0),
we obtain a homomorphism
X1:M®N; — M®N

sending m ® n; to m ® (n;,0) for m € M, n; € N. Likewise there is a homomorphism
X2 : M ®N, — M ® N sending m ® n, to m® (0, n,), so we obtain a homomorphism

X: (M ®RN1)@(M ®RN2)—) M®N
such that y(tq,ty) = x1(t1) + x2(t,) (recall maps out of direct products are just choices

of maps on each component by Proposition 9.8).

Unsurprisingly, ¢ and y are inverses of each other, and hence isomorphisms. To see
that y o ¢ is the identity, note that it is an R-linear homomorphism M ®; N — M ®; N
sending simple tensors m ® (1, n,) to

2(p(me(ny,ny))) = y(m®An;,meny)=y;(m®ny)+ yo(m@ny)
= (m®(n;,0))+(me(0,n,))
= me®((n,0)+(0,ny)) =m® (ny,n,)

for all m € M, (ny,n,) € N. Since every element of M ®; N is a linear combination of
simple tensors, y o ¢ is the identity and we win!

In the other direction, to prove that ¢ o y is the identity, we must show that?’

e(x(m®ny,0))=(m®n;,0) and @(x(0,m®ny))=(0,m®n,)

27Note that we have just been writing O for Oy,, as well as for Oy,, and now also for Oy, etc.
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for all m € M, n; € Ny, ny, € N,. Now

e(x(men;,0))=p(y;(m®n;))
= ¢(m®(n,0))
=(m®n;,me®0)
=(m®n;,0),

as desired! The check for elements of the form (0, m ® n,) is identical and ¢ o y = id
also.

We have now shown (rather tediously) that there is a “natural” isomorphism
M &g (N; ® Ny) — (M ®; N;) @ (M ®; N,)
for any R-modules M, N;, and N,. Similarly, for any R-modules M;, M, and N, there is
an isomorphism
(M; ® Mp) @ N — (M; 8 N) @ (M, & Ny)

sending (m,m,) ® n to (m; ® n,m, ® n) for m; € M, my, € My, n € N. By induction
argument gives an isomorphism

(13) (@Mi) ®x (@Nj) = Pm; &x N)),
i=1 j=1 i,j

for any R-modules My, M,,...,M,,,N;,...,N, (wherei=1,...,mand j =1,...,ninthe
product on the right). But this inductive argument can never deal with infinite direct
sums!

EXERCISE* 12.7 In fact tensor products commute with arbitrary (i.e. infinite) direct
sums. Show this! Since finite direct sums and finite products are isomorphic, the state-
ment for finite products also holds. But the statement for infinite products does not.
Can you give an example (hard?)?

EXAMPLE 12.8 Letting M; =+ =M,, = N; =--- =N, =R, we see from (13) (and the
fact that R ®; R = R) that there is an isomorphism

R™ @z R" — R™.
(Recall we already saw this in the case that K is a field.)

More generally if A and B are any index sets, then Exercise 12.7 gives an isomor-
phism
F, ® Fy — Fayp.
It follows that if M and N are free R-modules, then so is M ®; N (strictly speaking, we
are using Example 12.6 here).

We state a few other general properties of tensor products whose proofs we leave as
exercises.

PROPOSITION 12.9 Suppose that M, N and P are R-modules.
(i) There is a unique isomorphism
¢ :M®N—NeyM
such that p(m®n)=n®mforalme M, n€N.
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(ii) There is a unique isomorphism
Y : M ®g (N ®; P) — (M ®; N) ®3 P
such that Yy(m® (n®p))=(me®n)®p foralmeM,neN, p €P.

Note that the first part of the proposition describes a sense in which the tensor prod-
uct is commutative, and the second a sense in which it is associative®®. In particular, the
associativity property allows us to drop the parentheses and write simply M @z N ®z P
instead of M ®; (N ®x P) (which the isomorphism v in the proposition identifies with
(M ®g N) ® P), or more generally M; ®; M, ®p -+ ®z M,, for the tensor product of
any R-modules M;, M,,...,M,. Furthermore the commutativity property allows us to
interchange the order of the factors in the tensor product. Finally we remark that Propo-
sition 11.3 generalizes to R-multilinear maps, so that giving an R-multilinear map

M; xMyx--xM,— N

is equivalent to giving an R-linear map M; ®; M, ®g - ®z M,, = N.

13 Functors

We will now introduce another useful notion from category theory, namely functors.
Functors are “maps of categories”.

EXAMPLE 13.1 Let f: R — S be a homomorphism of rings. We claim that given an S-
module M, we can also view M as an R-module using f. Specifically, we can let R act
on M by

r-m=f(r)m forreR,meM,
where f(r) is acting as an element of S on M. Recall that M is already assumed to be
an abelian group (as part of the definition of an S-module), and it is straightforward to
check that the axioms in Definition 8.1 are satisfied. For example, (iii) holds since

(r+r )y m=fr+r'm=(@)+f)Dm=Ffr)m+f)m=r-m+r'-m

for all r,r’ € R and m € M (where the first and last equalities are by definition, the
second follows from f being a homomorphism, and the third is (iii) for M as an S-
module).

Recall that we already know that R-mod and S-mod are categories. We want to
promote the assignment of Example 13.1 to a “functor” S-mod — R-mod. But categories
are more than just objects. To really be saying something, we need instructions of what
to do with a morphism of S-modules also.

We claim that if ¢ : M — N is a homomorphism of S-modules, then when we
consider M, N as R-modules via Example 13.1, it is also a homomorphism of R-modules.
Indeed ¢ is a homomorphism of abelian groups, and

e(r-m)=o(f(r)m)=f(r)p(m)=r-¢(m)
for all r € R, m € M. Therefore we have a map
Homg(M,N) — Homg(M,N).

This assignment of an S-module to an R-module and an S-module homomorphism to a
homomorphism of the corresponding R-modules is an example of a functor S-mod —
R-mod:

281n a similar vein, one can view (13) as a distributivity property.
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DEFINITION 13.2 Suppose that C and D are categories. A functor F: C — D is a rule
that associates to any object A of C an object F(A) of D and, to any pair of objects A, B
of C, a function
Hom¢(A,B) — Homp(F(A),F(B))
¢ — F(y)
such that the following hold:

(i) if Ais an object of C, then F(id,) = idp(a),

(i) ifA B B and B i C are morphisms in C, then
F(y o) =F()oF(¢p).

Thus a functor F: C — D sends objects and morphisms in C to ones of D in a way
that’s compatible with the structure of the categories, and in particular composition.
Note also that the equation in part (ii) of the definition makes sense since the composite

FA) "B r3) " Foy

is a morphism in Homp(F(A), F(C)), as is F(¥) o ¢) (since ¢ o ¢ € Hom,(A, C).

EXAMPLE 13.3 Suppose that f : R — S is a homomorphism of rings, then we really do
obtain a functor F : S-mod — R-mod by setting F(M ) to be M thought of as an R-module
as in Example 13.1 and setting

Homg(M,N) — Homgz(M,N)

s F(0) = considered as an R-module
4 v)=¢ homomorphism )
We need only check that F(idy) = idy, = idg(y for all S-modules M, and F(v) o ¢) =
Yo =F(y)oF(p) for all S-linear maps ¢ : M — N and ¢ : N — P, which they are!
(We remark also that nowhere did we use that R and S are commutative; we could
similarly have defined a functor from the category of left (or right) S-modules to that of
left (or right) R-modules, without assuming commutativity of the rings.)

EXAMPLE 13.4 We define a functor Gps — Sets as follows. If G is a group, then define
F(G) to be the underlying set G (forgetting the operation, say *, on G, so we should
really write F((G,%)) = G), and if ¢ : G — H is a morphism in Gps (i.e. a group
homomorphism), we define F(¢) to be the function ¢ € Homg.(G,H). Just as in
Example 13.3, identities map to identities and compositions to compositions, so that (i)
and (ii) in Definition 13.2 are satisfied. This is an example of a forgetful functor (these
are functors defined by forgetting some part of the structure, these are often denoted
U).

In the preceding examples, the objects of C and D were sets with additional struc-
ture, the morphisms were structure-preserving functions, and the functions
Hom(A, B) — Homp(F(A), F(B))
were the obvious inclusions. We now give examples where this isn’t the case:

EXAMPLE 13.5 Let C be the category with two objects and three morphisms defined in
Example 5.5 by the following diagram:

WG A —L 3 B Didy .
Let D be the category with one object D and one morphism:
idy Z D .
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There is a functor F : C — D defined by setting F(A), F(B) = D and F(id,), F(A), F(B) =
idp. We certainly have that F(idy) = idp(x) for every X € Ob(C). The only compositions
to check are that

F(idp) o F(idy) = F(idy),

F(f)oF(ida) =F(f)

F(idg) o F(f) =F(f)
These all do hold as every one is id;, and id oidp = idp.
EXAMPLE 13.6 Let K be a field, let C be the category K-vec of vector spaces over K, and
let D denote the category defined as in Example 5.7, so its objects are vector spaces
over K, but if V and W are objects, then Homp(V, W) is the set of equivalence classes of
K-linear maps ¢ : V. — W, where ¢ ~ ¢’ if ¢’ = rp for some r € K*. In other words,

Homp(V, W) = K*\ Hom¢(V, W)

is the set of orbits in Hom.(V, W) under the obvious action of K*.

We can therefore define a functor F : C — D by F(V) = V for objects V of C, and
F(p) =[¢] = K* - ¢ for morphisms ¢ € Hom,(V, W) (which is again easily seen to
satisfy (i) and (ii) in Definition 13.2).

EXERCISE* 13.7 Show that the image of a functor f : C — D does not have to be a sub-
category. Consequently, the notion of the image of a functor is of almost no use. (Here,
we mean the collection of objects and morphisms in the image under f of objects and
morphisms of C. By does not have to be a sub-category, we mean with the composition
rules for D, this collection does not satisfy the conditions of being a category.) Hint: try
and construct a small example using categories defined by diagrams like in Example 5.5.

EXAMPLE 13.8 Let R be a (commutative) ring, and let M be a (fixed) R-module. We
will define a functor F : R-mod — R-mod by “tensoring with M.” More precisely, if N
is an R-module, then we let F(N) = M ®; N, and if ¢ : N — N’ is a homomorphism of
R-modules, then
F(y):F(N) =M ®;N — M ®; N’ =F(N’)

is the R-linear map obtained by applying Lemma 12.5 to the pair of morphisms 8 =
idy; : M - M and ¢ : N - N’. We will denote this R-module homomorphism id,; ®
(and more generally, we will start systematically writing 6 ® v for the R-linear map
M ®z N — M’ ®; N’ obtained by applying the lemma to 6 : M — M’ and ¢ : N — N’).
Since F(idy) = idy; ® idy is the unique R-module homomorphism M ®; N — M ®z N
sending m®n to m®n for all m € M, n € N, it must be idyg . To conclude that F is a
functor, note thatif ¢ : N — N’ and v’ : N’ — N” are R-linear maps, then

F(y o) =idy ®(p 01)): M & N — M & N”
is the unique R-linear map sending m ® n to

m ® ¢’ (p(n)) = (idy &P )(m ® ¢(n)) = (idy @) ((id @) (m ® n))
for allm € M, n € N, so it coincides with
(idy @) o (idy ®) = F(yp") o F(3)).
(More generally, the same reasoning shows that
(0" @) o(8@)=(0"00)® (" o)
for any R-linear maps 6 : M —-> M’, 0 : M’ > M"” 2y :N - N’ and )’ :N' > N"))
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Suppose now that f : R — S is a ring homomorphism. Recall from Example 13.3
that viewing each S-module as an R-module gives rise to a functor F : S-mod — R-mod.
We now define a functor in the other direction, G : R-mod — S-mod, based on the
construction in Example 13.8. More precisely, suppose that N is an R-module. Since we
can view S as an R-module via f, we can define the R-module S ®; N. We claim that
this is actually also an S-module “by acting on the first coordinate”. More specifically,
we claim that letting s € S act on a simple tensor by

(14) (s’ ®n) — (ss’)®n

and “extending linearly” gives a well-defined S-module structure. We should first check
this is well-defined. To see this, recall that the map u,: S — S given by s’ — ss’ is S-linear
(Example 8.21) and so certainly is R-linear (when we consider S as an R-module). Now
note that (14) is exactly the map ug ® idy of R-modules described in Lemma 12.5 and
so is certainly well-defined. For example, we obtain for free thats-(rs’®n) =s-(s’®rn)
since (rs’ ® n) and (s’ ® rn) define the same element of S ®; N. Moreover, from Lemma
12.5, find that the S-action map (14) is not only well-defined, but R-linear.

We now want to check this really gives S®; N the structure of an S-module. We have
four axioms to check. Normally we would need to check them on arbitrary elements of
S ®g N, i.e. elements of the form );s; ® n;, but actually because we know s - (—) is
an R-module homomorphism, it suffices to only check the axioms of Definition 8.1 for
simple tensors (Why?):

(i) 1g-('®n)=(1gs')®n=s5"®n,
(1) s-(57®@n;+$9@Ny) =55, QN +855@Ny=5-(s7@Mn7)+5: (59 ®15),

(i) (s7+55) (5"®n) = ((57+5))®n = (515 +5,5)®N =5;S@N+5,5s@N =
s1:-(s®n)+s,-(s®n),

(iv) s1-(s52-1) =51((s28) ®n) = (51525) ® n = (5153) - (s ®n).

Here we mostly used the axioms for the ring S. We now define G(N) to be the S-module
S®yN.

To complete the definition of the functor G, we must specify its effect on morphisms.
If 1 : N - N’ is a homomorphism of R-modules, then consider the homomorphism

idg®) : S® N — S®z N’,

is a priori only R-linear. We claim that it is in fact S-linear, i.e. that (idg¢ ®)(s - m) =
s - ((idg ®p)(m)) for all s € S, m € S ®z N. Note that this is the same as saying that
(ids ®Y) o Ay = A} o (idg ®) for all s € S, where A; = u; ® idy and A = u; ® idy/. This
holds since

(ids @) o (, ® idy) = s ® 9 = (1, ® iy o (ids @)
(see the discussion at the end of Example 13.8). We can therefore define G(y) = idg ®.

Finally the conditions in Definition 13.2 are satisfied since

G(idy) = idg ®idy = idge,ny = idgqw)
for all R-modules N, and
G(y' 0rp) =ids ®(y" 0 ) = (idg ®") o (ids ®Y) = G(y") 0 G (1))
for all R-module homomorphisms ¢ : N - N’, )’ : N’ > N”.
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EXAMPLE 13.9 Recall from Example 12.3 (and part (i) of Proposition 12.9) that for any
R-module M, we have an R-linear isomorphism M = M ®y R under which m € M cor-

responds to m ® 1. In particular there is an R-linear isomorphism ¢: S ®z R 5 S under
which t ® r — tr. We should check that the two S-module structures agree. That is
consider S ®; R as an S-module by the above process and S as an S-module in the tra-
ditional way. The above R-module isomorphism is in fact S-linear, since for a simple
tensor t ® r € S ®x R

s-p(t®r)=s-tr=str=p(t®r)=p(s-(t®r))
for all s € S . Therefore G(R) is isomorphic to S as an S-module.
ExXAMPLE 13.10 Recall for the discussion before (13) that if M, N; and N, are R-modules,
we have an R-linear isomorphism

M &g (N3 x Ny) —> (M & Ny) x (M & N,).

In particular S ®g (N; X Ny) is isomorphic to (S®z N;) X (S®g N,). Again the isomorphism
is easily seen to be S-linear (since it is defined by x — (G(m;)x, G(7,)x) where 7; is
the projection N; x N, — N; for i = 1,2), so we have G(N; x Ny) = G(N;) x G(N,) as
S-modules. In particular it follows that

G(R") = G(R)" X S"

as S-modules (using Example 13.9 for the final isomorphism).

Without tensor products we have no obvious way to obtain an S-module from an
R-module. This is one of many applications of tensor products within commutative
algebra.

EXERCISE 13.11 The functor G we have just constructed is related to the functor F of
Example 13.3. We leave it as an exercise to show that there is a natural bijection?”

Homg(G(N), M) «— Homg(N, F(M))
for all R-modules N and S-modules M.

Finally we describe one more general construction involving tensor products. Sup-
pose now that f : R — S and g : R — T are two ring homomorphisms (from the same
ring R). As usual we can view S and T as R-modules via f and g, and so we can define
the R-module S ®; T. Being an R-module, it is an abelian group under addition, but we
can also define a multiplication operation on S ®; T. This multiplication, being a binary
operation, can be viewed as a function

(S®rT)Xx(S® T)— S®zT.

Recall that the left hand side is Fg.7/B X Fg,7/B, where B denotes the submodule of
“relations” necessary to ensure tensors behave bilinearly (see (8)). Coming from the
fact that Fs,  is free, we certainly have a map defined by

p:Fsxr X Fsyr —>S@®p T
(es,b es’,t’) —_ (SS/) ® (tt/),
and extended to general elements by the formula

Jol ((i r; 'esi,ti) ) (Zn: rJ’_ . es;,tl/_)) = Z rir]’. . ((sis;) ® (tit;)).

i=1 j=1 i,

29Functors satisfying this type of relation are called adjoint functors.
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To show that this descends to a map (S®y T) X (S®g T) — S ® T, we must show that
B x Fgy 7, Fgyr x B lie in the kernel of p. It suffices to show this for generators of B, For
example, for the element e; ., . —e . —e, . of B, we have

n n

Pesyasyin D17 es) = D rf - (o1 +52)s ® 1)

j=1 j=1
n

_ /. / / /. / /

= le r (slsj ® ttj) +7; (slsj ® ttj)
=

n n

/ /
= plesy,io )1 i)+ plesy e, T o).

j=1 j=1

Of course the same argument works for both addition in T and then also in the other
copy of Fg,r. To conclude we additionally use that

n n

/ / / /
p(ers,taz ries ) = Z ri-(rssi®tt))
j=1 j=1
n
— /. / /
= rer (ssj ® ttj)
j=1
n
/
= rpte 334

j=1
and similarly for the other positions. We obtain a well-defined map

(S@RT)X(S®RT)—>S®RT

m n
(Z ri(s;® tl-)) (Z rj-(s)@ t;-)) IR CHLICE)
i=1 j=1 i,j
which is clearly R-bilinear. (On simple tensors, multiplication is concretely given by
s t)s'®t") = (ss') ® (tt’). We leave it as an exercise to check that with multipli-
cation so defined, 1 ® 1 is an identity element and the associativity, commutativity and
distributivity properties hold, making S ®; T a commutative ring.

REMARK 13.12 We can also see the existence of S®z T xSxp T — S®i T as the composite
of the bilinear map 7: S®g T xS®r T — (S® T)®r (S®, T') (coming from the universal
property) and an R-module homomorphism (S®z T)®z(S®T) — S®; T. The latter map
is coming from the universal property applied to the quadrilinear map S x T xS x T +—
S®g T by (s,t,s’,t') — (ss’) ® (tt’). The idea is that the universal property rather than
saying a bilinear map can be turned into a linear map using tensor products, we can
sequentially turn our quadrilinear map into a trilinear map (S®; T) xS x T = S®x T,
and then a bilinear map ((S ®; T) ®; T) x S — S ®; T and then finally a linear map®’.

EXAMPLE 13.13 As an easy first example, let T =R and g = idz. We have already seen
that S ®; R is isomorphic to S as an S-module. Since s ® 1 «— s under the isomorphism,
and (s®1)(t®1)=(st)®1 (and 1 ® 1 is the identity in S ®3 R), it follows that S ®; R
is in fact isomorphic to S as a ring.

ExXAMPLE 13.14 LetR=R,S =T =C, and f = g the usual inclusions R < C. We leave
it as an exercise to show that C ®g C is isomorphic to the ring C x C.

30Proposition 12.9(ii) is helpful here
69



14 Localisation of rings

EXAMPLE 13.15 Let T denote the polynomial ring R[X ], and let g : R — R[X] be the
usual inclusion (viewing elements of R as constant polynomials). We leave it as another
exercise to show that S ®; R[X] is isomorphic to the polynomial ring S[X ] over S, and
hence that R[X; ] ®; R[X,] is isomorphic to R[X1,X5].

14 Localisation of rings

Starting with a domain R, one can construct a (smallest possible) field containing R,
called the field of fractions of R. This construction should be familiar, at least in the case
of R = Z (whose field of fractions is @), and it can be viewed as a special case of a more
general construction, called localisation, which is useful in various contexts, especially
algebraic geometry.

Before discussing the general notion of localisation, we recall the definition of the
field of fractions of a domain R. Consider the set of all symbols

{ r
s
where r € R and s € R\ {Og} (here we consider this all as one “symbol”, the line cannot
be removed). We define an equivalence relation on this set of symbols by

r,sER,s #OR}

ror

-~ ~— < rs'=r'seR.
s s
It is obviously reflexive and symmetric. To see that it is transitive, note that if
/ / 17
ror r
—-~— and —~—
s S/ S/ S//
(withr,7’/,r” € Rands,s’,s” € R\{0}), thenrs’ =r’sand r's” =r"s’
that

(15) (rs)s” = (r's)s” = (r's")s = (r"s")s,

. Now this implies

so since R is a domain and s’ # 0, the equation (rs”)s’ = (r”’s)s’ implies that rs” = r"'s

(Exercise 7.23).

Let Frac(R) denote the set of such equivalence classes, i.e.

Frac(R) = {E

r,sGR,s#OR}/fv.
We then make Frac(R) a ring by defining
(r/s)+(t/u)=(ru+st)/su and (r/s)-(t/u)=rt/su

for r,s,t,u € R, s,u # Og. Here the identity is 1z/1; and the zero is Og/1z. One needs
to check that the operations are well-defined and that the ring axioms are satisfied, but
we will do it anyway later in more generality in the discussion of localisation. It is easy
to see that Frac(R) is a field since r/s has inverse s/r.

EXERCISE 14.1 Let R be a domain. Show that there is a ring homomorphism

R —> Frac(R)
r
re— —.
1g
Show that this is injective.
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14 Localisation of rings

Note that the rules for the symbols r/s (in particular the equivalence relation) ex-
actly mimic the rules for fractions. In particular, we have that Frac(Z) is canonically
isomorphic to Q.

For the more general notion of localisation, we need the following definition. As
usual, we restrict our attention to commutative rings.

DEFINITION 14.2 Suppose that R is a ring. We say that S C R is a multiplicatively closed
subset of R if (i) 1z € S and (ii) S is closed under multiplication (i.e. if s,s’ € S, then
ss’ €8).

EXAMPLE 14.3 For any ring R, the subsets {1z} and {0z, 1z} are multiplicative.
EXAMPLE 14.4 If R is a domain, then the subset S =R \ {0} is multiplicative.

EXAMPLE 14.5 Let R = Z and let p be a prime number. Then the subset {p"|n€Z,n >
0} is multiplicative, asis {m € Z|p tm}.

EXAMPLE 14.6 Suppose that P is a prime ideal of a ring R (see Definition 7.49), and let
S =R\ P. Then S is a multiplicative subset of R: (i) we have 1 ¢ P (since P # R), so
1z €8, (ii) if s,s’ €S, thens,s’ € P,soss' € P,i.e.ss’ €S.

Note that Example 14.4 is a special case of this example (since if R is a domain, then
{0z} is a prime ideal), as is the subset {m € Z | p t m } in Example 14.5 (the prime ideal
being pZ.

Suppose now that S is any multiplicative subset of a ring R and consider the set of
symbols
{ r
s

Define an equivalence relation on this set by

reR,seS}.

ror

-~ = if rs’t =r’'st for some t €8S.
s s

To see that this is an equivalence relation:
(i) Wehaver/s~r/ssincers-1z=rs -1z and 13 €8S.
(i) The condition is obviously symmetric.

(iii) Suppose that r/s ~r’/s’ and r'/s’ ~ r”"/s" (where r,1/,r” € R and s5,s’,s” €
S). Thismeansrs’t =r’st and r's”t’ = r”’s’t’ forsome t, t’ € S, which implies
that

rs”(s'tt) = (rs't)s"t’ = (r'st)s”’t' = (r's"t st = (r""s't)st = r"'s'(s'tt)).
Since s’,t,t" € S and S is multiplicative, we have s'tt’ € S, and therefore
r/s~r"/[s".

Note that if R is a domain, then rs’t = r’st if and only if rs’ = r’s (Exercise 7.23),
so the equivalence condition is actually the same as the one in the definition of Frac(R)
(where S = R\ {Oz}). When R is not a domain, we really do need the extra t € S in
order for ~ to be transitive (see (15)). This is new for phenomena for “fractions” and
falls outside of any intuition coming from Z, Q.

We write Rg for the set of these equivalence classes:

r
RS:{_
S

T'ER,SES}/N.
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14 Localisation of rings

We claim that Ry is actually a ring. We use the same formulae as in the definition of
Frac(R), i.e.
(r/s)+(t/u)=(ru+st)/su and (r/s)-(t/u)=rt/su

forr,t € Rands,u € S. Let us check that addition is well-defined, i.e. thatif r /s = r’/s’
and t/u = t’/u’ (where r,r’,t,t’ € R and s,s’,u,u’ € S), then (ru +st)/su = (r'u’ +
s’t")/s'u’. The assumption that r/s ~ r’/s’ and t /u ~ t’/u’ means that rs’v = r’sv and
tu’'w = t'uw for some v,w € S. This implies that
(ru+st)s'u'vw = (rs"vV)uu'w+ (tu'w)ss’v
= (r'sviuu'w+ (t'uw)ss'v = (r'u' +5't)suvw,
and it follows that (ru+st)/(su) ~ (r'u’+s’t’)/(s'u’) (since vw € S). Therefore addition
is well-defined. Similarly (but more easily), we have that
rts’u'vw = (rs'v)(tu'w) = (r'sv)(t'uw) = r't'suvw,
so rt/su=r't’/s'u’, so multiplication is also well-defined.

Now we check that the ring axioms are satisfied for these operations on Rg. First
note that the addition operation is commutative since
(r/s)+(t/u) = (ru+st)/su=(ts+ur)/us = (t/u)+(r/s),
and it is associative since
((r/s)+(t/W) + (v/w) = ((ru+st)/su) + (v/w)
=((ru+st)w+suv)/suw = (r(uw) + s(tw + uv))/suw
=(r/s)+ (tw+uv)/uw=(r/s)+ ((t/u) + (v/w))
forall r,t,v €R, s,u,w € S. Recall that 13 € S (as part of the definition of a multiplica-
tive subset), so Oz/1z € Rg, and it is an identity element for addition since
(Or/1R)+(r/s)=(0gr-s+1g-1)/(1g-s)=r/s

for all r /s € Rg. Furthermore the inverse of (r/s) under addition is given by (—r)/s € Rg
since

(r/s)+((=r)/s) = (rs + (=r)s)/s* = Og /s* = Op /15
(where the last equality holds since O - 1 = 0 = O - s2 (and s2 € S).
We have now shown that Rg is an abelian group under addition. For the axioms

involving multiplication, note that 1;/1; is an identity element for the operation, and
associativity follows easily from the corresponding property for R:

((r/s)-(¢/w))-(v/w) = (re)v/(sw)w =r(tv)/s(uw) = (r/s) - ((t/w) - (v/w))
for all r/s, t/u,v/w € Rg. Finally the distributive axiom holds since

(r/s)- ((t/u) + (v/w)) = (r/s) - (tw +uv)/uw

=r(tw+uv)/suw = (rtw+ ruv)/suw = (rtsw + rvsu) /susw
= (re)/(su) + (rv)/(sw) = ((r/s) - (¢/w)) + ((r/s) - (v/w))
for all r/s,t/u,v/w €Rg.

DEFINITION 14.7 If S is a multiplicative subset of a (commutative) ring R, then the ring
Rg defined above is called the localisation of R with respect to S.

EXAMPLE 14.8 The localisation of R with respect to S = {1z} is isomorphic to R via
r/1g <= r. (Wehave r/1z = r’/1z ifand only if (r-1g)s = (1z-r')s for some s € S = {1},
i.e.s = 1z, so r/1g = r’/1z if and only r = r’. Note also that the resulting bijection
between R and Rg is compatible with the addition and multiplication operations.
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14 Localisation of rings

On the other hand the localisation of R with respect to {0z, 1z} is the zero ring
(i.e. it has only one element). To see this note that r/s = r’/s’ for all r,r’ € R and
s,s’ € {Og, 1z} since (r -s’) - 0g = (r’ -s) - 0. (More generally, it is usually damaging
to localise at a multiplicatively closed set S containing zero divisors, see e.g Example
14.12)

EXAMPLE 14.9 Suppose that R is a domain and S = R\ {Og} (as in Example 14.4). Since
the equivalence relation and the operations are the same as in the definition of Frac(R),
we recover the definition of the field of fractions of R as a localisation.

EXAMPLE 14.10 Consider the localisation of Z with respect to the multiplicative subsets
in Example 14.5. We find that Z ,n| >0y is the subring

{r/p"|r,n€eZ,n=0}

of Q consisting of those rational numbers whose denominator is a power of p. Similarly
ifS={meZ|ptm}, then Zg is the subring of Q consisting of those rational numbers
whose denominator is not divisible by p.

Recall from Example 14.6 that if P is a prime ideal of R, then its complement S = R\P
is a multiplicative subset of R. The localisation Rg\p is called the localisation of R at P
and denoted simply (but confusingly®'!) by Rp. Note P is not itself a multiplicatively
closed set and so this is technically not overloading the notation Rg!

For any multiplicative subset of a ring R, we have a ring homomorphism i : R — Rg
defined by ig(r) = r/1g. (Note that ig sends 1g to 1z/1g = 1g, and it is compatible
with addition and multiplication since

(r/1R)+ (r'/1R) =(r+1")/1g and (r/1x)(r'/1r) = (r1")/1x.)

EXAMPLE 14.11 If R is a domain and S = R \ {0}, then ig : R — Ry is the injective
homomorphism identifying R as a subring of its field of fractions.

EXAMPLE 14.12 The homomorphism ig : R — Ry is not necessarily injective. For example
letR=17/ 6Z and S = {1, 3,5} (which is easily seen to be a multiplicative subset). We
claim that 2) € ker(ig). Indeed

is(2)=2/1=0/1
since2-1-s=0-1-s for some s €S, namely s = 3. It follows that the entire ideal (2) is
contained in ker(ig); on the other hand 1/1 #0/1 (since 1-1-s#0-1-sforalls €S),

so ker(i) = {2,4, 6}. Furthermore in this case ig is surjective: if r € R and s € S, then
r/s =r/1=1i4(r) since r(s—1)3 = 0. Therefore R¢ = {0/1,1/1} is isomorphic to Z/2Z.

We now note a general property of the homomorphism ig : R — Rg: if s € S, then
is(s) € Rg, i.e. s/1x has a multiplicative inverse in Rg, namely 1z/s. There is a sense in
which Ry is the “smallest” ring admitting a homomorphism from R with this property.
This is formulated in the following proposition, whose proof we leave as an exercise:

PROPOSITION 14.13 Let S be a multiplicative subset of a ring R, and ig : R — Rg the
ring homomorphism defined by ig(r) = r/1g. Then these satisfy the following universal

31From an algebra perspective it would be sensible to think of localising at the multiplicatively closed
set R\ P as the localisation “away from” P. The word local and the reason to think of this as happening
“at” P is coming from geometry and unfortunately we are unable to explain the correct intuition here.
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15 Localisation of modules and ideals

property: any ring homomorphism f : R — T such that f(S) C T* extends uniquely to a
ring homomorphism f such that the following diagram commutes:

RL)T

lis/a.lf

Rg

(Recall that ig need not be injective, so to use the word “extends” in this context
might be new!)

Considering the case of a domain R and S = R \ {0} gives the following:

COROLLARY 14.14 Suppose that R is a domain, T is a field, and f : R — T is an injective
ring homomorphism. Then there is a unique field homomorphism g : Frac(R) — T whose
restriction to R is f.

Note that the injectivity is needed in order to ensure the hypothesis f(S) C T is
satisfied. In this case S =R\ {0z} and T* = T \ {0}, so we are requiring that f (r) # O¢
lf r 7& OR'

15 Localisation of modules and ideals

There is also a notion of localisation for modules. We continue to assume that S is a
multiplication subset of R, and now let M be an R-module. Consider the set of symbols

{E’meM,SES},
s

i.e. “elements of M with formal denominators in S”. We can then define an equivalence
relation by

m/s~m’/s' if ts’m = tsm’ for some t €S.
The proof that this is an equivalence relation is the same as for the one for R¢ (which
can be viewed as the particular case where M = R).

We define the localisation of M with respect to S to be the set
Mg={m/slmeM,s€S}/ ~
of equivalence classes. We then define an addition operation on Mg by the formula
(m/s)+(m’/s")=(s'm+sm’)/ss’,

and a scalar multiplication by (r/s)(m/s") = (rm)/(ss’) for r/s € Rg. The proof that
these operations are well-defined and make Mg an Rg-module are very similar to the
proof that Ry is a ring, and we leave it as an exercise.

We may also similarly define jg : M — Mg by j(m) = m/1g, and verify that it is a
homomorphism of R-modules, where the R¢-module My is viewed as an R-module via
the homomorphism ig : R = Rg, so r - (m/s) = (r/1g)(m/s) = (rm)/s.

REMARK 15.1 We briefly mention that the localisation Mg can also be interpreted as a
tensor product. Recall that if R — T is a ring homomorphism, M is an R-module and N
is a T-module, then there is a bijection®

Homy(T ®; M,N) «— Homg(M,N).

32The bijection is defined by sending ¢ : T®, M — N to its composite with the R-linear homomorphism
M — T ®; M defined by m — 1; ® m; the proof was left as an exercise.
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Soletting T = Rg and N = Mg, there is a unique Rg-linear homomorphism Rg®z M — Mg
corresponding to the R-linear homomorphism jg : M — Mg (sending (r/s)®m to (rm)/s
forr €R,s € S and m € M). We leave it as an exercise to prove that this in fact gives
an isomorphism

Rs®; M — M;.

Recall that if ¢ : M — N is a homomorphism of R-modules, and f : R — T is a
ring homomorphism, then we obtain a homomorphism id; ®p : T®; M — T ®z N of
T-modules. Applying this with T = Rg and f = ig : R — Rg gives a homomorphism of
Rg-modules

RS ®RM_>RS ®RN7

so using the isomorphisms Rg ®z M 5 Mg and Rg @z N S N, we get a homomorphism
Mg — Ng, which we denote gg. It is straightforward to check that this homomorphism
is described by the formula ¢g(m/s) = ¢(m)/s. for m€ M, s € S. (One can also check
more directly from the definition of the localisations that this map is well-defined and
Rg-linear.) Since (idy)s = idy;, for any R-module M, and (¢ o ¢)s = 5 0 g for any
homomorphisms ¢ : M — N and ¢ : N — P of R-modules, we get a functor from
the category of R-modules to the category of Rg-modules, defined by F(M) = Mg and
F(p) = ¢g. We leave it as an exercise to show that if ¢ is injective, then so is g, and if
(p is surjective, then so is pg.

Extension and contraction of ideals

Recall that given a ring R and multiplicatively closed set S, we have a ring homo-
morphism ig : R — Rg given by r — r /1. We will now define a method that when given a
ideal of R returns an ideal of Rg (“extension”) and when given an ideal of Rg returns an
ideal of R (“contraction”). Both of these in fact exist for general ring homomorphisms,
but are much better behaved in this setting.

Given an ideal I of R, we have two ways we can define the an ideal of Rg, which we
refer to as the extension of I.

(i) Since we have a map ig: R — Rg, we can consider the ideal (ig(I)) generated
by the image of I.

(ii) The ideal I is itself an R-module. So we can consider its localisation
Is={a/s|lael,seS}.

Since the inclusion I < R is an injective homomorphism of R-modules, we
also obtain an injective homomorphism I — Rg of Rg-modules. (This is a
special case of the above remark, but really if you look at what it means to
be equivalent for I and Ry, they’re really the same>>.) Since the image of an
Rg-module homomorphism is an Rg-submodule, and Rg-submodules of Rg are
ideals, we find that the image (also denoted I) is an ideal.

(It is also common to refer to the result as the localisation of the ideal I.)

33Note however that given an inclusion ¢ : M — N, elements might become equivalent to things not
in the image of ¢. This is familiar though, for ¢ : Z — Q we know that 2/1 ~ 6/3.
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15 Localisation of modules and ideals

We claim these constructions are equal, i.e. (ig(I)) = I5. First note that given x /s €
I for x €I and s € S, then within Rg we have that

x 1z x 1, .
(16) S=R = R(x).
s s 1p s

So Ig C (ig(I)) (the ideal of Ry generated by ig(I)). But conversely ig(x) = x/1y is
certainly in I, so we must have equality.

In the opposite direction, given an J ideal of Rg, then its preimage under ig: R — Ry
is an ideal of R (Exercise 7.45), which we refer to as the contraction of J.

EXAMPLE 15.2 As an example, consider the ideal J := (p/1) I Z,) (so S = Z \ (p)).
We claim that its contraction i;l (J) is (p). One inclusion is easy as certainly ig((p))
(p/1). We want to show the reverse inclusion. General elements of J are of the form
(r/s)-(p/1) = (rp)/s for some r € Z and s € Z \ (p). We must show that whenever
a € Z is such that ig(a) = a/1 is equivalent to such an element, then a € (p). But

a rp

1~ < JteZ\(p)st rpt=ast
S

= ast € (p),
soasst €S =7\ (p) and (p) is a prime ideal, we find that a € (p) as desired>*.

REMARK 15.3 When R is an integral domain and S does not contain zero, we know that
ig: R < Ry is injective. So in this case, contraction is_1 is simply “intersection with R”.
(Further, it might be helpful to additionally consider this as all happening within the
field Frac(R). This makes sense as S C S’ := R\ {0}. We then have R < Rg — Frac(R).
)

We therefore have maps in each direction between the sets of ideals of the rings R
and Rg:

I—Ig
extension

17) {ideals of R} {ideals of R }.

contraction
i1 ()

We claim that one of the two composites is the identity:

LEMMA 15.4 If J is an ideal of Rg, then contraction followed by extension returns J. In
other words, then (is_1 ) =J.

Alternatively put, every ideal of Ry is the localisation of its preimage in R.

Proof. Note first that since is(is_l(J )) € J, we certainly have that the corresponding
containment (is(is_l(J ))) € (J) of the ideals they generate within Rg. But the former is
(i;l(J ))s (see (16)) and since J is already an ideal J = (J).

To prove the other containment, suppose that a/s € J (where a € R and s € S).
Since J is an ideal of Rg and s/1; € Rg, we have

is(a) =a/lg =(s/1g)(a/s) € J.
Therefore a € is_l (J),and a/s € (is_l(J))S, as required. O

34Note also that if R is a domain and {0} ¢ S, then the map ig: R — R; is injective so that i "'
corresponds to “intersection” with R.
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It follows that the map in the right-hand direction in (17) is surjective (i.e. there
are no “new” ideals of localisations they all come from R), and the map in the left-hand
direction is injective:

COROLLARY 15.5 Every ideal of Rg is an extension from an ideal of R. Furthermore if J and
J' are ideals of Rg with the same contractions, then J = J’.

It is easy to see that the maps in (17) are not necessarily bijective (Example 15.2
is unusually well-behaved). Suppose for example that I is any ideal of R such that the
intersection I NS is non-empty. If s € I N S, then

1p, = 1g/1g = (1g/s)(s/1g) € I,

so Is = Rg. But this can regularly happen for ideals that aren’t R, for example (2), (3)<Z
both have image in Frac(Z) = Q the whole ring (indeed we know the map {ideals of Z} —
{ideals of Q} must be highly non-injective. (We leave it as an exercise to show the con-
verse is true: if I is an ideal of R such that I = Rg, then I NS # (.) So if S contains
some a ¢ R*, then letting I be the principal ideal (a) of R, we have I # R, but I = Rg.
(As an extreme example, consider what happens if S = {Og, 1z}, as in Example 14.8.)

Rings with less ideals are considered “easier” (with fields being the easiest!). The set
up of (17) shows that localisation reduces the number of ideals and therefore actually
makes rings simpler (but usually larger)!

On the other hand, we can actually show that certain ideals do survive localisation
and give a subset of {I <R} on which I — I becomes bijective.

LEMMA 15.6 Suppose P is a prime ideal of R such that P NS = @. Then
(i) Pg is a prime ideal of Rg,
(i) is_l(PS) = P, i.e. the contraction of the extension of P is P.

Proof. To prove (i), we must show that if rt/su = (r/s)(t/u) € Ps, then r/s € Pg or
t/u€ Ps (where r,t e Rand s,u€S). If rt/su € P, then rt/su =v/w for some v € P,
weS,ie.
rtwx =suvx for some x €8S.

Since v € P, it follows that rtwx = suvx € P. On the other hand, sincewe Sand x €S
we have wx € S (since S is multiplicative) and therefore wx & P (since we are assuming
that PNS = ). Since P is a prime ideal of R, it follows that rt € P, and so at least one of
r or t is an element of P. We therefore conclude that r /s € Ps or t/u € Pg, as required.

To prove (ii), note first that since i(P) C P, we have P C i ~(Py).

For the other containment, suppose r € i !(Pg), i.e. r € R is such that r/1; € P.
This means that r/1z = t/s for some t € P,s €8S, i.e.

rsu=tu forsomeu€sS.

Since t € P, we have rsu = tu € P, but since su € S and P NS =}, we have su ¢ P, and
therefore r € P, as required. 0

Note that we made crucial use of the hypothesis that PNS = ) in proving both parts
of the lemma. If this hypothesis does not hold, then the extension Ps is always Rg (since
P contains a unit of Rg) and is certainly not a prime ideal. Moreover, its contraction is
now R.
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Recall that the preimage of a prime ideal under a ring homomorphism is a prime
ideal (Exercise 7.56). In particular, the contraction of a prime ideal is a prime ideal.
Furthermore, if Q is a prime ideal of Rg, then i;l(Q) NS = @. Indeed, otherwise
(is_l(Q))S = Ry as it contains a unit, but by Lemma 15.4, we have that (is_l(Q))S =Q, so
that Q wasn’t prime. Combining this with Lemma 15.6(i), we see that the maps in (17)
restrict to maps

P—Pg
{ prime ideals P of R }_M;

such that PN S = @ {prime ideals Q of Rg }.

(18)

—_—
contraction

ii(Q<Q
Furthermore Lemmas 15.4 and 15.6(ii) say that these two maps are inverses of each
other. Note also that they are inclusion-preserving (i.e. if P C P, then Pg C Pg, and if
Q c Q' then is_1 Q) c is_l(Q’ )). We have therefore proved the following:

COROLLARY 15.7 Contraction and extension of ideals define inverse inclusion-preserving
bijection between the set of prime ideals of Rg and the set of prime ideals of R disjoint from
S.

EXAMPLE 15.8 Consider the localisation of R = Z with respect to S = {p"|n = 1},
where p is a prime number (see Example 14.10). Recall from Example 7.51 that the
prime ideals of Z are precisely those of the form gZ, where g is a prime number, and
{0}. The only one of these that contains a power of p is pZ. Therefore the prime ideals
of

ZS :{r/pn|r:n€Z;nZO}

are {0}s = {0} and (qZ)s = qZg for prime numbers g # p. (Note that pZg is the whole
ring Zg.)

EXAMPLE 15.9 Now consider the localisation of R = Z with respect to S = Z\ pZ (where
p is a prime number), so

Zs={m/n|m,n€Z,ptn}
(again as described in Example 14.10). Note that S contains every prime number other

than p, so the only prime ideals of Z disjoint from S are {0} and pZ. Therefore the only
prime ideals of Zg are {0} and pZg.

EXERCISE 15.10 Show that the contraction of the zero ideal is strictly larger than the
zero ideal (0) if and only if S contains zero divisors®. Use this to see that Corollary 15.7
is false without the prime hypothesis.

EXERCISE* 15.11 Extend Exercise 15.10 to completely classify when an ideal is the re-
striction of an ideal from Rg. (Hint: Reduce to the above case by considering R/I. This
will require thinking about how localisation behaves under quotients.)

Suppose now that Q is a prime ideal of R, so that S = R\ Q is a multiplicative subset
of R (as in Example 15.9). Note that if P is any prime ideal of R, then P NS = @ if and
only if P C Q. So in this case Corollary 15.7 gives an inclusion-preserving bijection

(19) { prime ideals of R contained in Q } «— { prime ideals of Ry }.

In particular every prime ideal of Rg is contained in Qg. Since every maximal ideal of a
ring is prime (see Definition 7.50), it follows that Qg is the unique maximal ideal of Rg.

35Recall s € R is a zero divisor if there exists a non-zero r € R such that rs = 0.
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The bijection of (19) should be compared with the bijection
{ideals of R containing Q} «— {ideals of R/Q}
of Exercise 7.48.

Local rings (not lectured)

DEFINITION 15.12 A ring is called a local ring if it has a unique maximal ideal.

Thus if S is the complement of a prime ideal in a ring R, then Ry is a local ring. So
for example the ring Zs in Example 15.9 is a local ring. Note also that every field is a
local ring (its unique maximal ideal being {0}).

Before proving an interesting property of local rings, we need the following very
general fact about rings and ideals:

LEMMA 15.13 If I is a proper® ideal of a ring R, then there is a maximal ideal P of R such
that I C P.

Proof. We will appeal to Zorn’s Lemma (9.21).

Let S denote the set of proper ideals J € R such that I C J. We view S as being
partially ordered by inclusion.

We will show that S satisfies the hypotheses of Zorn’s Lemma. Suppose then that
T c S is a non-empty>’ chain. We claim that A = U ;e7J is an upper bound for 7.

We must prove that A is an ideal of R. Note first that 0 € J C A (for any J € T), and
that if x € A, then x € J for some J € T, and hence —x € J C A. Furthermore if x,x’ €A
then x € J and x’ € J’ for some J,J’ € T. Since T is a chain, we have J c J’ or J' C J,
and so x € J' or x’ € J, and hence x + x’ € JUJ’ C A. Finally note that if r € R and
x € A, then x € J for some J € T, so also rx € J C A. Therefore A is an ideal of R.

Furthermore we have I C J CAforanyJ € T, so A€ S and A is an upper bound for
T.

We can now invoke Zorn’s Lemma to conclude that S has a maximal element P.
Note that I C P, and P is a maximal ideal of R since if P C J, then eitherJ =RorJ € S,
in which case the maximality of P (as an element of S) implies that J = P. O

The above Zorn’s lemma argument is required to know to switch between Definition
15.12 and the following subtly but importantly stronger equivalent definition. The latter
fits much closer to the intuition of a local ring!

LEMMA 15.14 A ring R is local if and only if there exists a maximal ideal P such that every
proper ideal I is contained in Q.

Proof. Suppose that we have a proper ideal I. By Lemma 15.13, there exists a maximal
ideal containing I. But since R is local, it has only one maximal ideal and Q = P. So P
does contain I. The backwards direction is obvious. O

36The meaning here of proper is that I #R
37We can assume that 7 is non-empty since any element of S is an upper bound for the empty set
(and S is non-empty since [ € S).
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We can now deduce the following:

PROPOSITION 15.15 Suppose that R is a local ring and P is its maximal ideal. Then R* =
R\ P.

Proof. Note that r € R* if and only if (r) = R (“r generates the unit ideal”). If r € P,
then (r) C P. So this immediately shows that if r € R*, then r cannot be in P.

Now let r ¢ P. Then (r) is an ideal and so by Lemma 15.14 either contained in P or
is not proper. The first is a contradiction, so (r) =R and r € R*. O

EXERCISE 15.16 Prove the converse, that is if I is a proper ideal of R such that R\ {I} =
R*, then I is maximal and R is a local ring.

EXAMPLE 15.17 Consider the ring
Zg={m/n|lm,neZ,ptn}
of Example 15.9. It is a local ring with maximal ideal
pZs={m/n|m,n€Z,p|lm,ptn}.
The complement of pZg in Zg is

Zg ={m/n|m,n€Z,ptm,ptn}.
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Part 3

Homological algebra



Homological algebra involves the study of certain properties of sequences of alge-
braic objects. It was initially developed for applications to topology, but the ideas and
methods have turned out to be useful much more broadly.

16 Exact sequences and chain complexes

We start with the following basic definition:

DEFINITION 16.1 A sequence

M-LN5p

of homomorphisms of R-modules is called exact if im(f) = ker(g).
EXAMPLE 16.2 Consider the sequence of homomorphisms of Z-modules (i.e. abelian
groups):

2/67, - 7.)47. %5 7,22,
where f is defined®® by f (@) = 2@ and g by g(b) = b (using - to denote the residue class
mod n for the appropriate n). The sequence is exact since im(f) = {0, 2} = ker(g).

The notion also applies to (longer) sequences of homomorphisms:

DEFINITION 16.3 Suppose that n > 2. We say that a sequence of homomorphisms of

R-modules

Mni’Mn—1£’"'£’M1i’Mo
is exact if ker(f;) = im(f;,,) fori = 1,...,n—1. (Note that ker(f;) and im(f;,,) are both
submodules of M;.)

EXAMPLE 16.4 Let m be a positive integer and consider the sequence of homomorphisms

of Z-modules®’:
oﬂzﬁziz/mzim,

where f; is defined by fs;(a) = ma, f, by fo(b) = b (and of course f4(0) = 0 and
f1(c)=0forallc e Z/mZ).
The sequence is exact since
o ker(fy) = Z/mZ = im(f,);
e ker(fy) = mZ = im(f3);
o ker(f3) = 0= im(f,).

Note that for a sequence of the form

(20) o->m-LNSp o,

we necessarily have im(e) = 0 and ker(h) = P, so it is exact if and only if the following
hold:

e ker(f) =0, i.e. f is injective;

e ker(g) =im(f);

e im(g) =P, i.e. g is surjective.

38Note that f is well-defined: by the first isomorphism theorem, we need only check that 6Z maps to
zero in Z /47 under multiplication by 2 (which it does).

39Here 0 denotes the Z-zero module, that is the Z-module with underlying set {0} consisting just of
one element.
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EXERCISE 16.5 What does it mean for a sequence 0 - M — N — 0 with just two non-
zero terms to be exact?

Before continuing, we make a brief remark about notation: For any R-modules M, N,
we will write O for the zero homomorphism sending all elements to zero. In particular,
e,h above are special cases of the homomorphism. Furthermore we will usually not
bother with notation for homomorphisms which are forced to be 0 because their domain

or target is, so (20) would be written simply as 0—M L N - p—so.

We can also consider infinite sequences of R-modules and homomorphisms, i.e. an
R-module M; for each integer i, along with an R-module homomorphism f; : M; — M;_;
foreachi € Z.

DEFINITION 16.6 A sequence of R-module homomorphisms
fiva fir1 fi fim1 fia

> My — M — M — My — -

is exact if ker(f;) = im(f;;,) for alli € Z.

An exact sequence of the form (20) is often called a short exact sequence, and an
exact sequence as in Definition 16.6 is often called a long exact sequence.

EXAMPLE 16.7 Consider the sequence of R-modules (i.e. R-vector spaces)

---E)]RZE)RZLRZERZB---

B

where for each i € Z, M; = R? and f; : R?> — R? is the R-linear homomorphism defined
e (0 1Y,
by left-multiplication (on column vectors) by the matrix ( 0 0 ), ie. fi(x;e1+x,e,) =

xy€, for x;,x, € R, where e; = ’(1,0) and e, = (0, 1) are the standard basis vectors.
Then im(f;,,) = Re; = ker(f;) for all i € Z, so the sequence is exact.

EXAMPLE 16.8 Consider the sequence of Z-modules

g O 0 g
where M; = Z for each i € Z, and f; : Z — Z is either zero or the identity, according
to whether i is even or odd. If i is even, then f; = 0, so ker(f;) = Z, and i + 1 is
odd, so f;,; = id; and im(f;,;) = Z. On the other hand if i is odd, then f; = id;, so
ker(f;) =0, and i + 1 is even, so f;,; = 0 and im(f;, ) = 0. Therefore in either case we
have im(f;,;) = ker(f;), so the sequence is exact.

Note that if a sequence

Mni’Mn—lb’"'i’Mli’Mo
is exact, then we have f;o f;.; =0fori =1,...,n—1. Indeed for all m € M;,, we
have f;,;(m) € im(f;,;) = ker(f;), so fi(fi+1(m)) = 0. Note that we only used the
containment im(f;,;) C ker(f;), and in fact the converse holds as well*’: if f; o f;,; =0,
then f;, ,(m) € ker(f;) for all m € M4, so im(f;;1) C ker(f;).

We will also be interested in sequences of homomorphisms that satisfy this weaker
property for all i € Z:

4O particular, (20) is exact if and only if it is a chain complex, f is injective, g is surjective and
ker(g) € im(f)
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DEFINITION 16.9 A sequence of R-module homomorphisms

dit2 dit1 d; di_y dip
=My — M — M — M;_y—

is called a chain complex if d; od;,; = 0 (or equivalently im(d;,) C ker(d;)) for alli € Z.

EXAMPLE 16.10 Letting M, be any R-module and M; = O for all integers i # O gives a
chain complex

..._)O—)O_)MO—)O_)... .
EXAMPLE 16.11 More generally for any R-modules M;, we have a chain complex

0 0 0 0 0
= My — M — M — M;_y—

withd; =0 for alli € Z.
EXAMPLE 16.12 Every long exact sequence (as in Definition 16.6) is a chain complex.

EXAMPLE 16.13 Consider the sequence of Z-modules

i+2

d di di di— di—
. 37/82 —57/87 —> 7./8Z —> 7./87 —> - --

where d; : Z/8Z — Z/8Z is defined by d;(a) = 4a for all i € Z. This is a chain complex
since d;(d;;1(a)) =16a =0 for alli € Z.

EXAMPLE 16.14 Consider the sequence of Z-modules

d d d
o =5 7/47 =5 TJAZ —> Z)4Z—0—> 0—>0 - --

with M; =Z/4Z if i > 0, M; = 0if i < 0 and d; : Z/4Z — Z/47Z defined by d;(a) = 2a if
i>0 (and d; =0 if i <0). This is a chain complex since d;(d;,;(a)) =d;(2a) =4a=0
if i > 0 (and clearly d; od;,; =0 fori < 0).

Finally we introduce some more notation and terminology. We will sometimes sim-
ply write (M,,d,) for the chain complex

d; d; d; d;_ d;_.
"'l_+2’Mi+1I—H’Mi_l’Mi—ll_l’Mi—zl_z"”

(thinking of the subscript e as running through the integers).

We say that a chain complex (M,, d,) is bounded below if there is an n € Z such that
M; =0 for all i < n. So the chain complex in Example 16.14 is bounded below (taking
n =0). There is similar notion of a chain complex being bounded above M; = 0 for all i
greater than some n. Furthermore we say a chain complex is finite if it is both*! bounded
above and bounded below, so for example the chain complex in Example 16.10 is finite.

If a chain complex is bounded below, with M; = 0 for i < n, we will often not bother
to write the terms M; for i < n, so the chain complex in Example 16.14 might just be
denoted

d d d
=5 T/47 -5 L)AL — T)AZ

(and similarly for complexes that are bounded above or finite).

41 These are often referred to as bounded, but we’'ll use finite to avoid the potential ambiguity created
by the possibility of interpreting bounded as meaning bounded above or below.
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17 Homology

Suppose that (M,,d,), i.e.

dits dit d diq diy

i
— My — M — M — M,

is a chain complex of R-modules. Recall this means that im(d,;, ;) C ker(d;) for all i, and
it is exact if im(d; ;) = ker(d;). We will now define the homology of the complex, which
can be viewed as measuring the failure of the chain complex to be exact.

DEFINITION 17.1 Suppose that (M,,d,) is a chain complex of R-modules. We let Z; =
ker(d;) and B; = im(d;,;). (Note that B; is an R-submodule of Z; because (M,,d,) is a
chain complex.) We define the homology in degree i (or ith homology of (M,,d,) to be
the R-module Z;/B;. We call elements of M; chains (in degree i), those of Z; cycles, B;
boundaries, and H; homology classes.

EXAMPLE 17.2 Consider the chain complex

di di di di* di*
. 37/82 —57/82 —> 7./8Z —> 7./8Z —> - --

of Z-modules in Example 16.13 (with d;(a) = 4a for all i). We then have

e 7. =ker(d;) =27/8Z,

e B; =im(d;,,) =4Z/8Z,
EXAMPLE 17.3 If (M,,d,) is exact, then Z; = ker(d;) = im(d;;,) = B; for all i, so H; =
Z;/B; = 0. Note that for any chain complex (M,, d,), we have that H; = 0 if and only if
ker(d;) = im(d;,,) if and only

di+1 di
Miyy — M; — M; 4

is exact. More generally H; can be viewed as quantifying the difference (as an R-module)

d; d; .
between ker(d;) and im(d,,,), i.e. the extent to which M;,; — M; — M;_, fails to be

exact.

EXAMPLE 17.4 Consider the chain complex
..._)O_)O_)MO_)O_)... .

in Example 16.10. Then Z, = M,, By = 0, and B; = Z; = O for all i # 0. Therefore
Hy = M, and H; =0 for all i # 0.

More generally for the chain complex in Example 16.11 (where all d; = 0), we have
Z;=M,; and B; =0 for all i, so H; = M; for all i.

EXAMPLE 17.5 For the chain complex

---iZ/4Zi>Z/4Zi>Z/4Z—>O—>O—>O---
of Example 16.14, we have
e Z,=B;=27Z/4Zif i >0, so H; = 0;
® Zy=7/4Z and By = 2Z/4Z, so Hy = Z/2Z;
e Z;,=B;=0ifi <0,s0H; =0.

Given a complex (P,, d,), write H;((P,,d,) or simply H;(P,) for the i™» homology of
(P,, d.).
The notion of a “morphism” of chain complexes is provided by a chain map:
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DEFINITION 17.6 Suppose that (A,,e,) and (A, e,) are chain complexes (of R-modules).
A chain map ¢, : (A,,e,) = (AL, e.) is a sequence of R-module homomorphisms ¢; :
A; —>A’i such that the squares in the diagram

€it+1 €

(21) A A; Ai
L Pi+1 l Pi l Pi-1
/ el{+1 / el{ /
Ai+1 i Ai—l

commute, i.e. ¢;_; od; =d; o p; for all n € Z.

EXERCISE 17.7 Show that taking chain maps as morphisms makes chain complexes of
R-modules into a category, denoted Ch(R-mod).

LEMMA 17.8 Given a chain map ¢, : (A.,e,) — (A,,el), for every i € Z there is an in-
duced map on homology ¢; ,: H;((A.,e.)) = H;((A,, e.)) which given a € H;((A,,e,)) =
ker(e;)/ im(e;,1) is defined by ¢;(a) € ker(e;)/ im(e; ;).

1

Proof. First note that the commutativity of the right hand square of (21) ensures that
p;(ker(e;)) € ker(e;). So we have an R-module map ker(e;) — ker(e;)/im(e;_ ;) defined
by the above formula. Now the commutativity of the left hand square ensures that
@;(im(e;41)) S im(e! +1)- So by the first isomorphism theorem, the map descends to a
map ker(e;)/im(e; 1) — ker(e!)/im(e;, ,) as desired. O

EXAMPLE 17.9 Let (A,,e,), (A, e.) be the chain complexes define by the rows of the
following diagram and ¢, the chain map:

T

(Aoaeo) tee O Z Z/ZZéOﬁ-..
]
(A, e.) 0 Z 0 0

Here 7: Z — 7/27Z is the usual projection and the complexes are numbered so that the
only non-trivial ¢; is when i = 0. Then

ma)={y, 70,

The map Hy(A,) — Hy(A.) is then 2Z — Z,2n — 4n.

i#£0

H;(A,) = {; i=0"

Homology of graphs

For reasons of time, we can’t really explain why homology is so helpful in/arose
from topology. We can however give a basic version, the “homology of graphs”. We do
not assume any familiarity with topological spaces!

Roughly speaking, a graph is a diagram like this:

>/
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consisting of vertices and edges, where each edge has vertices (possibly the same) as
its endpoints. We in fact will be considering “directed graphs”, where the edges have a
direction. For example:

DEFINITION 17.10 A directed graph T is a disjoint pair of sets V and E and a function

-

t: E — VxV
e — (tole),ty(e)).

The elements of V are called vertices of T', the elements of E are called edges of T, tole)
is called the initial endpoint of e and t(e) is called the final endpoint of e.

We will now show how to associate a chain complex to a directed graph I = (V, E, ).
In turn we shall show how homology can be used to give algebraic invariants of directed
graphs, that otherwise would be difficult to define.

Let R = Z, and define the Z-modules M; as follows:
e My =Fy =@,y Zv is the free Z-module* generated by the vertices V;
® M, = Fp = @, Ze is the free Z-module generated by the edges E;
o M;=0ifi#0,1.

We then define d; : M; — M, to be the unique homomorphism such that d;(e) =
t1(e)—ty(e) forall e € E. Recall that a homomorphism from a free module is determined
by its effect on the basis elements; arbitrary elements of F have the form ) ,_, n.e (with
all but finitely many n, = 0), on which we have

d, (Z nee) = > n(t1(e) — to(e)) € Mo,

e€E e€E

We have now defined a finite chain complex
~—>0—>M1—>M0i>0—>~--.
We then have:
e 7y, = M, and By = im(d,), so Hy = M,/ im(d;);
e 7, =ker(d;) and B; =0, so H; = ker(d;);
e H;=0fori#0,1 (since Z; =B; =0.
Let us now consider some explicit examples.

EXAMPLE 17.11 For n > 0, define I3n to be the directed graph with V = {vy,v,..., v, },
E= {61) L) en} and t(ei) = (Vi—ls Vi):
Vo V1 Vn—1 Vn

€ ) €n—1 €n

We thus have:

420ur previous notation would have used e, to denote the basis element of F, associated to v, but
since there is no risk of confusion, we will just write v instead of e,, especially since the previous notation
for bases would clash with our use of e for edges.

87
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o My=7Zvy®Zv, & -+ ® Zv, 7",
o M, =Ze ®Zey® - ®Ze, =7",;
e d, : M; — M, is defined by

di(e1) = vy —vp, di(ex) =vy—vy, ..., die,) = vy — V.

The resulting homomorphism*® Z" — Z"+1 therefore corresponds to the matrix

-1 0 --- 0 O
1 -1 -0 O
0 1 0 O
A= )
o 0 --- 1 —1
o o0 -+ 0 1

in the sense that d; (x) = Ax for x = *(x1, x5,...,Xx,) € Z" (see Example 10.8). Note that
if Ax = 0, then

AX ="(—xq, X1 —Xg, **+, X1 — Xpp, X,) = O,
which easily implies that x = 0. Therefore d; is injective, and hence H; = Z; = 0.

To determine By = im(d;), note that if Ax =y = “(y¢, ¥1,-..,Y,) for some x € Z",
then

n
Z}’i =—x1+ (0 —x) + -+ + (g —x,) +x, = 0.
i=0

n n
Conversely if y € Z""! is such that Z y; =0, then yj = —Z ¥;, and letting
i=0 i=1
X=1+y2+ -+ Y Y2+ F Yo oo Yno1 + Yo Yn)
gives AX = y. Therefore B, = ker(deg), where deg : Z""! — Z is defined by deg(‘ (g, ¥1,---» ¥n)) =
n
Z y;. Since deg is surjective, it follows that
i=0
Hy = 7" /By = 2"/ ker(deg) = im(deg) = Z.
EXAMPLE 17.12 Consider now the directed graph C, (a “loop”) for n > 1 defined by
V={vp,vi,..»Vp1 }, E={eq,...,e,}, t(e;) =(vi_1,v;) fori=1,...,n—1and t(e,) =
(Va—1,Vo):

dy
ugﬁ Uy ‘_ﬁg—l
&y s
We have My = Z", M; £ Z" and d; : M; — M, is given by the matrix
-1 o -- 0 O 1
1 -1 -0 O O
0 1 0O 0 O
A=

o 0 --- 1 -1 0
o o0 --- 0 1 -1

431dentifying ZLI ye; € M, with the column vector y = “(¥1,¥s,---,Y¥,) € Z", and similarly
Do XiVi € M, with the column vector X = (xg, X1, ..., X,) € Z™,
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18 Snake Lemma

Note that d; is no longer injective since
dl(en + €h—1 + .- +€2 + el)
=Wo—Vn1) + (Vo1 —Va2) + -+ (va—v) + (v —vp) = 0.
n
We leave it as exercise to show that in fact H; = Z; = Zx where x = Zen, so that

i=1
H; =7, and that Hy = Z as in the preceding example.

EXAMPLE 17.13 Consider the “bouquet” graph with one vertex v and n loops e, ..., e,,
o)

e My=7Zv=17,

o My =@ Ze;=7",

e and d,(e;)=v—v=0fori=1,...,n,s0d; =0.
Since d; =0, we have H; = M; = Z" and Hy = My = Z.

The examples above reflect a relation between H; and circuits in I'. Note also that H,,

was isomorphic to Z; we leave it as an exercise to show this is always the case if the graph

is connected. More generally H, can be viewed as counting connected components, as
in the following example:

EXAMPLE 17.14 Consider the directed graph with V = {v;,vy,v3}, E = {e;,e5}, and
t:E — V xV defined by t(e;) = (v;,v1) and t(e,) = (v4, v3), so the graph is represented

by:
€
SO RS
1 V2 V3

We then have Z; = Ze; and B, = Z(v, — v3), so that H; = Z and Hy = M,/B, = 72,
where one can realize the latter isomorphism, for example, by noting that the surjective
homomorphism a : My — Z? defined by

alxyvy + XV, + x3v3) = (X1, X3 + X3)
has kernel B,

EXERCISE* 17.15 Show that an “inclusion” of directed graphs yields a chain map be-
tween their associated chain complexes. Find examples of such inclusions where the
induced map on homology is not injective.

18 Snake Lemma

In this section, we consider the following set up. Suppose we have a commutative
diagram of R-modules:

(22) \LdA \LdB l/dc

0 —> Ay —> By —> Cy——> 0

where here the rows are short exact sequences (note we could consider this as a chain
map between two complexes given by short exact sequences). Note that by commu-
tativity of the left hand square, f;(ker(d,)) C ker(dp) and similarly for the right hand
square. We obtain a sequence

f * *
0 — ker(dy) -2 ker(dg) -5 ker(d,).
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18 Snake Lemma

(Where we write f; ,, g, for the restrictions of f;, g; to these kernels.) We claim this
is exact. Certainly g; , o f , = O since this was true for the full f;, g;. We also have that
the map ker(d,) — ker(dg) is injective since f; is. It remains to show that im(f; ,) =
ker(g; ,). But we know that the original sequence was exact, so that im(f;) = ker(g;).
This means that given b € ker(g; ,), we can at least find an element a € A; such that
f1(a) = b. But we know that b € ker(dg), so dg(b) = 0. Since f, is injective, and by
commutativity fy(ds(a)) = dg(b) = 0, this forces that a € ker(d,) also, and we win!

DEFINITION 18.1 Given a homomorphism of R-modules f: M — N, we call B/im(f)
the cokernel of f and denote it by coker(f).

Given the diagram (22), we also obtain a sequence

f * *
(23) coker(d,) = coker(dg) B0 coker(d:) — 0.

For example, commutativity of the left hand square gives that f,(im(d,)) € im(dp),
and so by the first isomorphism theorem, we obtain a map coker(d,) = Ay/im(d,) —
B,/ im(dp) = coker(dy), which we are denoting by f, ,. We then have the analogue of
the exactness of the kernel sequence:

EXERCISE 18.2 Show that in the setup of (22), we have that the cokernel sequence (23)
is exact.

The key part of the snake lemma says that kernel sequence and cokernel sequence
can be joined together into a single exact sequence by means of an R-module homomor-
phism called the “boundary map” 9

0 —> ker(dy) L} ker(dg) L ker(d.) R

. ~ f1 . ~ < . ~ . ~No 0
0 7 411 7 D1 7 C1 > 0 _
(29) G lds___ | T
=TT T ~ f ~N \/dC
<0 s A ° ¢ 5 0

7 410 7 Do 7“0 7

~

\\\\ ~- ~

coker(d,) i} coker(dg) _Sory coker(dg) —> 0

The construction of the image of an element ¢ € ker(d.) under the boundary map 0 is
as follows. Consider c as lying in C;. Then we can lift under g, it to an element b € B;
since g, is surjective. The image of b under dj lies in the kernel of g, by commutativity,
so lies in the image of f,, by exactness of the lower sequence. The preimage a considered
as an element of coker(d,) is our element d(c):

C
(25) 4] l
a 2 du(b) =52 0

We must check 9 is well-defined. The only choice was the preimage b of c. Suppose that
b’ is a different choice and a’ is the preimage of dgz(b’). Then (b—b’) A (c—c)=0. So
by exactness of the top sequence, b — b’ has a preimage in A;. Call this @. Then d,(a)
is equal to a —a’ (since f, is injective, it suffices to check this equality after applying f,,
but then by commutativity of the left hand square f,(d,(d)) = dg(f1(d)) = dg(b—b’) =
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18 Snake Lemma

dg(b)—dg(b") = fy(a)— fo(a’)). So the difference between a and a’ lies in im(d,), that
is to say they define equal elements of coker(d,).

It is then easy to check that J is an R-module homomorphism. For example, suppose
that ¢, ¢’ € ker(d) with corresponding choices b, b’ € By such that (c) =a,d(c’) = d’
with fy(a) = dg(b), fo(a’) = dg(b’). Then c + ¢’ € ker(d.) and we can choose our lift of
c+c’' tobe b+ b’. This then makes d(c +c¢’)=a+a’ = 3d(a) + 3 (a’).

LEMMA 18.3 Given a diagram of short exact sequences as in (22), the following is an exact
sequence of R-modules:

(26) 0 — ker(d,) fj ker(dp) e ker(d.) KA coker(d,) fii coker(dg) by coker(d;) — 0.

Proof. It remains to show exactness in the middle two positions. For ker(d.) note first
that if ¢ € im(g, ,: ker(dg) — ker(dc)), then we can choose our lift b in (25) to lie in
ker(dg). But then dg(b) = 0 as does a. This means that im(g ,) € ker(d). Conversely,
suppose that ¢ € ker(d). Then a € im(d,) and so has a preimage under d,, call this
d. We don’t know that f;(a@) = b, but we do know that g;(f;(d@)) = 0 (the sequence
is a complex), so (b — f,(a)) & (c —0) = c. But dg(b — f1(a)) = dg(b) — fo(das(a@)) =
dg(b) — fo(a) = 0 (by assumption a is the preimage of dz(b) under f;). So c is in the
image of an element of ker(dg) under g ,.

The proof of exactness at coker(d,) is a similar fun diagram chase! O

We remark that in diagram (22), if we drop the exactness at A; (i.e. omit the initial
zero), then we still obtain a snake lemma sequence which is exact except at the first
ker(d,) (check this!). Similarly, we can drop exactness at C, at the expense of losing
exactness at coker(d.).

EXAMPLE 18.4 In the case of the map of short exact sequences:

0 —0—Z=—=2—30
Lk
0 —5Z=—Z—30—30

We have that the snake sequence (26) is given by
05050757 —7/27 —0— 0.

EXAMPLE 18.5 Suppose that N, M are both R-submodules of an R-module T. We will
prove the second isomorphism theorem, i.e. that (M + N)/N is canonically isomorphic
to M/N N M, using the snake lemma. Here M + N denotes the submodule (M,N) of T
generated M,N. Consider the diagram:

0 —3 MANZE" S eN —3 M+N —> 0

k]

Here the map + denotes the map induced by the universal property applied to the ob-
vious inclusions M < M + N, N — M + N (this involves summing, see Proposition
9.8). This is exact as the kernel of + consists exactly of pairs (m,n) such that m+n =20
(check!). The lower sequence is obviously exact and the squares commute, so we can
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18 Snake Lemma

apply the snake lemma. When we compute the kernels and cokernels, we obtain:

0 > 0 > N —"% M+N
x—(x,—x) e g
0—)MﬂN—)MEBN—)M+N—)O
i pry
~N- ~- ~-
~N- ~N ~
M/MAN 5 0 5 0 5 0

2
That0 > N - (M+N) - M/MnNN — 0 is exact is precisely the claim that (M+N)/N =
M/MANN.

Long exact sequences from short exact sequences of chain complexes

In the remainder of this section, we prove one of the most important results in
homological algebra (an upgraded/iterated snake lemma).

DEFINITION 18.6 Let (A,,d4.), (B, dp.),(C.,dc ) be chain complexes and let O denote

. . . fo
the chain complex with all zeroes. We say a sequence of chain maps 0 —» A, — B, —
C, — 0 is a short exact sequence of chain complexes if the “horizontal rows”

0—A; £>B —>C —0

are exact for all i € Z.
By Lemma 17.8, we know that given a short exact sequence of complexes, we obtain
R-module homomorphisms

HAA) 25 (B S5 H(C)  viez

We claim there are R-module homomorphism boundary maps &;: H;(C,) — H;_;(A.)
such that

f1+1* &i+1,%

+1(A ) — H1+1(B ) — Hl+].(c )

Gis1
Hi(A)) —— Hi(B.) —— Hi(C.)
7k ai
1 1(A ) j) Hl 1(B ) —> Hl 1(C<))

is a long exact sequence.
We construct each boundary map &; by applying the snake lemma to the diagram

gl*

coker(da ;1) —) coker(dp ;1) — coker(d¢;y1) —> O

ldA,i ldg,i ldc,i

0 —— ker(dAl 1) —— ker(dBl 1) —> ker(dCl 1)

i—1,x
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18 Snake Lemma

Note we showed the exactness of the top and bottom rows en route to showing the snake
lemma (recall that the snake lemma can be weakened to omit exactness at the first and
last positions!). The vertical maps

dp;
A/ im(dA,iH) - ker(dA,i—l) CAi

exist as the image of dy ; : A; — A;; is contained in ker(d,; ;) since (A,,d4,) is a com-
plex and this factors through A;/im(dy ;1) since d4;(d4;41(Ai+1)) = 0 again because
(A.,dy,) is a complex.

We now want to calculate the kernels and cokernels of the vertical maps. Consider
the vertical cokernel first, i.e. ker(d,;_;)/im(coker(d,;;;)). This “numerator” consists
of the cycles Z;_, for (A,,d,,.). The “denominator” is actually then the boundaries B;_;.
In other words, the image of coker(d, ;) is the same as the image of the whole of
A;+1. This is clear as coker(dy ;1) = A;y1/im(dy ;41) (with im(dy ;,,) mapping to zero
in A;_1). In other words, the cokernel of the left-hand vertical map is Z;/B; = H;(A,)
(and similarly for the other vertical maps). For the vertical kernels simply note that

da; dai
ker(coker(dy ;1) 5 ker(d, ;1)) = ker((A;/B;) 5 A,_;) and this is just Z;/B; = H;(A,).

We can then apply the snake lemma to get the boundary J;

fi* 1%
Hi(A) —“— Hi(B)) —=— H(C.) _

~ ~N- ~N- S 0
fi,* 8ix ~ t
coker(dy ;1) — coker(dp 1) —— coker(dg 1) —> 0 )
s __ |dg; _ _ _________ ;i —————————
T C,i
-7 M fl 1,% v &i—1,% ) '

( 0 — ker(dy;—,) — ker(dp; ;) — ker(d¢,;_1)

Rt Y o1 A 8ic1x M
ll(A)—1>Hl 1(A)—1>Hl 1(A)

. . fe g
LEMMA 18.7 Given a short exact sequence of chain complexes, 0 - A, = B, = C, — 0, we

obtain a long exact sequence of their cohomology groups

s Hi (6 5 B0 1B 5 HiC) S H (A -

Proof. We should remark that the iterated snake lemmas really do “paste” together as

the maps H;(A, ) = H, :(B.) ey H;(C,) are the same for the two applications of the snake

lemma that contain them. We then get exactness in every position by the conclusion of
(at least) one snake lemmas. O

REMARK 18.8 For applications, it is extremely important to know that both the snake
lemma and Lemma 18.7 are “functorial**”. All we shall say here is that chain maps
between chain complexes induce maps on homology. So if we have a short exact se-
quence of chain complexes mapping by chain maps to another short exact sequence of
complexes, then we obtain induced maps between their homology long exact sequences
(and in fact a chain map between them). This will be heavily exploited in §23.

44By which we mean, if you have maps between the input objects of these lemmas, you receive maps
between their outputs. These maps should satisfy the conditions of Definition 13.2 so as to define a functor.
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19 Exactness of functors

Recall that if M is an R-module and 1) : A — B is a homomorphism of R-modules,
then there is an R-module homomorphism

characterized by the property that (idy, ®yY)(m®n) = m®y(a) forallme M, a € A
(see Example 13.8).

We claim that if v is surjective, then so is idy, ®. Indeed M ®g B is generated*®

as an R-module by the set of elements of the form m ® b (for m € M, b € B), i.e. if
k

X € M ®yB, then x =Zri(mi®bi)forsomek2 1, my,...,my €M and by,...,b; €B.
i=1
Since 1 is surjective, we have b; = 4(a;) for some a; € A, and hence

k k
x = > ri(m; ®(a;)) = (idy &) (Z ri(m; ai))

i=1 i=1
is in the image of id;; ®.
On the other hand if v is injective, then it need not be the case that id;,; ® be
injective:
EXAMPLE 19.1 LetR=7Z, M = Z/2Z, A= B = Z and define v : Z — Z by (a) = 2a.
Then clearly 4 is injective, but consider the homomorphism

Recall from Example 12.3 (and Proposition 12.9(i)) that (Z/2Z) ®,, Z is isomorphic to
Z/27Z (with m ® a corresponding to a - m = ma, where as usual m denotes m + 2Z).
Under these isomorphisms, idy; ® corresponds to the homomorphism

id
7/22 = (2/20)®,7 % (zjm)e,z = 72

m — mel — me 2 — 2m=0,

which, being 0, is clearly not injective.

We can also consider the preceding example in the context of the short exact se-
quence

27) 0—z-Y 2" 2/22—0

of Example 16.4 (with m = 2, and 7« defined by m(a) = a). Applying the functor F :
Z-Mod — Z-Mod defined by tensoring with M = Z/2Z, i.e. F(A) = M ®, A for all Z-
modules A and F(y) = idy; ®p for all Z-module homomorphisms ¢ (see Example 13.8),
we obtain from (27) another sequence of homomorphisms

(28) F(0)— F(Z) "9 rz) '8 F(2/22) —> F(0)

of Z-modules. The new sequence however is not exact. Indeed we already recalled
how F(Z) = (Z/27Z) ®,; Z can be identified with Z/2Z; note also that F(0) = 0 and
F(z/27) = (Z/27Z) ®,; (Z/27Z) can be identified with Z/27Z (see Example 12.4). We
already saw that F(1) = 0, and similarly one sees that F(7t) corresponds to the identity

4SRecall that an arbitrary element of M ®; B is not necessarily of the form m ® b, but is a linear
combination of such elements.
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19 Exactness of functors

(as a homomorphism Z/27Z — 7Z/2Z), so that (28) can be viewed as the sequence of
homomorphisms

0 id
0— Z/27 —> 7.J27. — 7./27, —> 0.

This is clearly not exact since the first homomorphism Z/27Z — 7Z/2Z fails to be injective.
Thus the functor F does not preserve exact sequences.

We now give an example of a different functor that occurs in nature but is not exact.

Let us again fix a ring R and an R-module M, but now define a functor F : R-Mod —
R-Mod by F(A) = Homg(M, A) for all R-modules A. Recall that we already explained in
8§10 how to view Homg(M,A) as an R-module, but in order to complete the definition
of the functor F, we also need to describe its effect on morphisms. More precisely, if
¢ : A — B is any homomorphism of R-modules, then we need to define the R-module
homomorphism

F(¢): F(A) = Homg(M,A) — Homg(M,B) = F(B)
(and verify that it satisfies properties (i) and (ii) in Definition 13.2).

Note that if ¢ € Homg(A, B) and f € F(A) = Homgz(M,A), then the composite ¢ o f
is an element of Homyz(M, B) = F(B), so we may define
F(p): F(A) — F(B)
fo—= pof;
i.e. F(y) is the function defined by “post-composition with ¢”. To see that F(y) €

Homg(F(A), F(B)), we need to check that F(¢) is R-linear. To ease notation, let us write
@, for F(p), i.e. ¢ (f)=pof for f € F(A) = Homg(M,A), and we need to check that

* 0.(f +8)=¢.(f) +¢.(g) forall f,g € F(A),
e and ¢, (rf)=r(p.(f)) forall r eR, f € F(A).
Since f + g is defined by (f + g)(m) = f(m) + g(m) (for m € M), so

(p.(f +8))(m) = (po(f +g)m)=p((f +g)(m))
= p(f(m)+g(m)) = p(f (m)) + ¢(g(m))

(since ¢ is R-linear), and this is the same as
(0:(f) + ¢.(8))(m) = (¢.(f )(m) + (¢.(&))(m) = (¢ o f)(m) + (¢ © g)(m),
showing that ¢, (f + g) = ¢.(f) + ¢,(g). Similarly
(p.(rf))m) = (g o (rf)(m) = ¢((rf)(m)) = p(r(f(m))) =r(e(f(m)))
is the same as (r(¢,(f)))(m) = r((¢.(f))(m)), so ¢, (rf) = r(p.(f)).
We have now defined the functions
Homg(A,B) — Homg(F(A),F(B))
@ — F(p) = ¢,
To conclude that F is a functor, note that ¢ =id, € Homg(A,A), then ¢, (f) =idyof =
f for all f € F(A), so F(id4) = idpu). Furthermore if ¢ € Homg(A,B) and v €
Homg(B, C), then the composite
FlA) 25 FB) S F(O)
is defined by
Yulo.FN =9 (pof)=vo(pof)=0pop)of =(pop)lf)
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19 Exactness of functors

so F(y)oF(p)=1,0p, = (o), =F( o) as required. Therefore F is a functor,
commonly denoted Homgz (M, —).

Again the functor F might not preserve exact sequences. We can use the same ex-
ample as before. Letting R = Z, M = Z/2Z and applying F to the short exact se-
quence (27) now gives another sequences of homomorphisms as in (28), but now with
F(A) = Homy(Z/27Z,A). Note that Homy(Z/27Z,Z) = 0 (as there are no non-zero homo-
morphisms Z/27 — Z), and Homy(Z/27Z,7Z/27Z) can be identified with Z/2Z, so (28)
becomes

0—0—0—0%Z/2Z— 0,

which is clearly not exact.

We now introduce terminology in order to make this notion more precise. We restrict
our attention to functors on categories of modules over commutative rings. Suppose
that R and S are commutative rings, and F : R-Mod — S-Mod is a functor. For example,
we could have R = S and F as one of the functors discussed above, or given a ring
homomorphism f : R — S, we have the functor F defined by F(A) =S ®z A and F(y) =
idg ®p (see §13, where the functor is denoted G).

First recall that if A and B are R-modules, then Homg(A, B) has the structure of an
R-module, hence an abelian group. Similarly since Homg(F(A), F(B)) is an S-module, it
is an abelian group.

DEFINITION 19.2 We say that a functor F : R-Mod — S-Mod is additive if the function
Homg(A,B) —> Homg(F(A),F(B))
¢ — F(y)

is a homomorphism of abelian groups for all R-modules A and B, i.e. F(f + g) =F(f)+
F(g) for all f, g € Homg(A, B).

The examples discussed above, with F(A) = M ®z A, Homg(M,A) (for a fixed R-
module M) or S ®; A (for a fixed ring homomorphism R — S), are all easily seen to be
additive.

Recall that the identity element of the abelian group Homg(A, B) is the homomor-
phism A S B, and that of the group Homg(F(A), F(B)) is F(A) Sr (B), soif F is additive,
then*® F(0) = 0.

REMARK 19.3 Additive functors are defined in terms of respecting addition of mor-

phisms. In fact, this strongly constrains how an additive functor behaves on objects

also. For example, we claim that if A= {0} and F is additive, then F(A) = {0}. Indeed
id,

if F(A) = {0}, then id, = O (i.e. the identity function A =} Aon A is the same as the

0
constant function A — A sending every element of A to 0). Therefore

i.e. the identity function F(A) ldF—(AQ F(A) is the same as the constant function F(A) 5 F(A),
from which it follows that F(A) = {0}. Therefore if F is additive, then we can also view
F(0) = 0 as an equality of S-modules, where as usual, we simply write 0 for any R-
module (or S-module) of the form {0}.

46Note that A > B and F (A) 5F (B) are typically functions between different pairs of modules, but
we are using O to denote any homomorphism with constant value 0 (i.e. the additive identity element of
the target module).
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19 Exactness of functors

DEFINITION 19.4 Suppose that F : R-Mod — S-Mod is an additive functor. We say that
F is left-exact if for every exact sequence

0—satsB S0

of R-modules, the resulting sequence

0— Fa) "8 r) X8 (o

of S-modules is also exact. Similarly we say that F is right-exact if for every exact se-
quence

f

A-—B-5C—0
of R-modules, the resulting sequence

) B rB) X8 Fic)— 0

of S-modules is also exact. Finally we say that F is exact if it is both left-exact and
right-exact.

EXAMPLE 19.5 Let f : S — R be a ring homomorphism, and consider the functor F :
R-Mod — S-Mod of Example 13.3 (with the roles of R and S reversed), i.e. if A is an
R-module, then F(A) = A as an S-module (with the same addition operation, and with
scalar multiplication defined by s-a = f(s)a fors € S, a € A), and F(¢) = ¢ for any
R-module (hence S-module) homomorphism A 4 B.

For any sequence of R-module homomorphisms

$n Pn-1 $2 P1
An ? An—l > ? Al ? AO:

the conditions that determine exactness, i.e. ker(y;) = im(p;;1) fori =1,...,n—1,
do not depend on whether the objects (and homomorphisms) are viewed as being (of)
R-modules or S-modules. It follows that F is both left-exact and right-exact, and hence
exact.

EXAMPLE 19.6 Let M be an R-module, and consider the functor F : R-Mod — R-Mod
defined by F(A) = Homg(M,A) and F(p) = ¢, (as defined above).

We claim that F is left-exact. To prove this, suppose that

¢ P

0—A—B—C

is an exact sequence of R-modules, i.e. ker(¢) = 0 (or equivalently ¢ is injective), and
im(p) = ker(2p). We must prove that

0 —> Homg(M, A) > Homg(M, B) ~=% Homg(M, C)

is also exact, i.e. that ¢, is injective and im(p, ) = ker(2),).

To prove that ¢, is injective, we must show that if f € Homg(M,A) is such that

¢.(f) =0, then f = 0. Recall that p.(f) = ¢ o f, so if p,(f) =0, then p(f(a)) =0 for
all a € A. Since ¢ is assumed to be injective, this implies that f(a) =0 for alla €A, i.e.

f=0.

Next note that since 1 o ¢ = 0, it follows for free that ¢, o ¢, = (¢ o ), = 0,
and hence im(¢,) C ker(v,) (alternatively put, additive functors always take chain
complexes to chain complexes).
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19 Exactness of functors

It remains to prove that if g € ker(v,) (i.e. if ¢ o g = 0), then g € im(¢,) (i.e. there
is some g’: M — A such that g = ¢ o g’). We can represent this as saying that whenever
g is such that the solid arrows commute:

M
Hg// \Lg\o/‘
k.
w)B ¢>C

there is an R-module homomorphism g’ making the whole diagram commute. But this
is actually tautological! Since 1) o g = 0, we must have that im g C ker(v). Now using
that the lower sequence is exact, we know that ker(y) = im(¢y). So the image of g is
actually contained in im((). Since ¢ is injective, it is an R-module isomorphism onto
its image (for example, by the first isomorphism theorem (why?)). So we can just let

g’ =¢ log (where ! im(p) = A) so that p 0 g’ = p 0 ' 0 g = g as desired.
We have now shown that the functor F is left-exact, but note that it is not necessarily
right-exact. Indeed we have (as part of (27)) the exact sequence

207 127 —0
(with R = Z), but we have seen that for M = Z /27, the resulting sequence

F(Z) F(Z) F(Z/ZZ) —s0
is not exact.

EXERCISE 19.7 Let f: M — N be injective. Show that if F is a left-exact functor, then
F(f): F(M) — F(N) is injective also “left-exact functors preserve injective maps”. Sim-
ilarly, show that right-exact functors preserve surjective maps*’

We now give some alternative characterizations of exactness.

LEMMA 19.8 Suppose that F : R-Mod — S-Mod is an additive functor. Then the following
are equivalent:

(i) F is exact;

(ii) if 0 — A R B -5 C — 0 is an exact sequence of R-modules, then 0 —
F F
F(A)— (f) F(B)— (g) F(C)—> 0 is an exact sequence of S-modules;

F
(iii) if A R B -5 C is an exact sequence of R-modules, then F(A) F(B) e,

F(C) is an exact sequence of S-modules.

Proof. (i) = (ii): Suppose that F is exact (i.e. both left-exact and right-exact) and let

0—A R B %5 € —> 0 be an exact sequence of R-modules. Since F is left-exact and

0—A L B-2:Cis exact, it follows that 0 — F(A) — (f) F(B) — (g) F(C) is an exact

sequence (of S-modules). Similarly since F is right-exact and A L B-25C—0is

exact, it follows that F(A) — s, — F(B) — £e) —3 F(C) — 0 is exact™®. Therefore 0 — F(A) — (f)

F(B) — (g) F(C)— 0 s exact.

47n fact, there is a stronger statement that an additive functor is left-exact if and only if it “preserves
kernels” and right-exact if and only if it “preserves cokernels”.

F
48Note that we already knew that F(A) — ) —> F(B) — «)

know F(g) is surjective.

—> F(C) is exact; the new input is that we also now
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19 Exactness of functors

(i) = ({iii): Suppose that (ii) holds, and let A L B LN C be an exact sequence of
R-modules. Recall our aim is to prove that im(f) = ker(g).

We need a short exact sequence to which we can apply (ii). We have the short exact
sequence

0 — ker(g) LN B B/ker(g) — 0,

where i is the inclusion (i(d) = d) and 7 the obvious projection ((b) = b + D). We
obtain the following diagram:

N

f
0 — ker(g) — B > B/ker(g) —> 0

; W

which has a short exact sequence in the middle and our original exact sequence going
diagonally. Here, the homomorphism f exists as we are assuming the image of im(f) =
ker(g) by exactness and the homomorphism g exists by the first isomorphism theorem.

T

Now apply the functor F to the entire diagram. We obtain a commutative diagram
(functors always take commutative diagrams to commutative diagrams (why?)):

F(A)

Ffﬂ/ \F(Af)

0 — F(ker(g)) R F(B) > F(B/ker(g)) — 0

F(g)\& %)

F(C)

F(m)

By (ii) we know that the middle sequence is exact, so that im F(i) = ker(F(7)). But we
also know that F takes injective maps to injective maps and surjective maps to surjective
maps (by the exact same argument as in Exercise 19.7). Since F (f) is therefore surjec-
tive, this means that im(F(i)) = im(F(f)) and since F(g) is injective, this means that
ker(F(g)) = ker(F(m)). We obtain

im(F(f)) =im(F(i)) = ker(F(n)) = ker(F(g)),
as desired.

(iii) = (i): We must show that if (iii) holds, then F is left-exact and right-exact.

Suppose then that 0 — A L B -5 C is an exact sequence of R-modules. Then
F

0—A L B is exact, and therefore (by (iii)) so is 0 — F(A) iz F(B). Similarly since

F F
A L» B-5Cis exact, so is F(A) ﬂ F(B) E F(C). Putting these together, it follows

F F
that 0 — F(A) ﬁz F(B) g F(C) is exact. We have now shown that F is left-exact.

The proof that F is right-exact is entirely similar. O
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20 Projective modules

Recall from Example 19.6 that if M is an R-module, then the functor F : R-Mod —
S-Mod defined by F(A) = Homg(M,A) is left-exact, but it may fail to be right-exact. We
will start denoting this functor F by Homg(M, —).

There are actually some choices of M for which Homg (M, —) is also right-exact (and
hence exact):

DEFINITION 20.1 We say that R-module M is projective if the functor Homg(M,—) is
exact.

EXAMPLE 20.2 The R-module R itself is projective. Indeed if A is any R-module, then
there is an isomorphism of R-modules

¢ : Homg(R,A) — A
defined by ¢(f) = f(1) (i.e. evaluate the homomorphism at 1). It is R-linear since

e(f+8)=(+2)()=f(1)+g(1)=e(f) +e(g)

and e(rf) = (rf)(1) = r(f(1)) = re(1) for all f,g € Homg(R,A) and r € R, and it is
bijective since for any a € A, there is a unique R-linear homomorphism f : R — A such
that f(1) = a, namely f(r) = ra. Furthermore if ¢ : A — B is a homomorphism of
R-modules, then the resulting diagram

Hompg(R,A) —= Homg(R, B)

EAlz Eslz
2

A B

commutes, where we have added the relevant subscripts to the isomorphisms €. This
shows that Homg(R,A) is effectively the “identity functor” and so certainly exact. Ex-

C ¢ Y . . .
plicitly, if A— B — C is an exact sequence of R-modules, the resulting commutative
diagram

Homg(R,A) L Homg(R, B) N Homg(R, C)

SAjQ 5Bll Eclz
¢ Y

A B C,

shows that im(yp,) = &5 (im(¢)) = &5 (ker(y))) = ker(y,). Therefore the functor
Homg(R, —) satisfies condition (iii) in Lemma 19.8.

Similarly, the R-module R" is projective for any n > 1. In fact, the following propo-
sition shows that every free R-module is projective.
PROPOSITION 20.3 Let M be an R-module. Then the following are equivalent:
(i) M is projective;

(i) if ¢ : B = C is a surjective homomorphism of R-modules, then the homomor-
phism
¢, : Homgz(M, B) — Homg(M, C)
is also surjective;
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20 Projective modules

(iii) if g : M — C and ¢ : B — C are homomorphisms of R-modules, and ¢ is
surjective, then there exists a homomorphism f : M — B of R-modules, i.e. we
can complete the diagram:

M
f/
¥

o C

Bﬁ,

sothat g=pof,

(iv) M is a direct summand of a free R-module, i.e. there exists an R-module N such
that M @ N is a free R-module.

Proof. (i) = (ii): Suppose that M is projective, and let ¢ : B — C be a surjective homo-
morphism of R-modules. Then the sequence B 2c—0is exact, so by Lemma 19.8,
so is the sequence Homg(M, B) BEN Homgz(M,C) — 0, i.e. p, is surjective.

(ii) = (i): Using Lemma 19.8, we want to show that given a short exact sequence
0 - A— B — C — 0, the sequence after applying Homg(M,—) is exact. But we already
know we have exactness except maybe at Homgz(M, B) — Homg (M, C) — Homg(M, 0)
(Example 19.6). That this is exact is precisely (ii).

(i) < (iii) is just an unravelling of what it means for ¢, to be surjective, and (iii)
& (iv) is left as an exercise. ]

EXAMPLE 20.4 It is immediate from Proposition 20.3 that if M is a free R-module then
R is projective (take N = 0).

For an example of a projective module which is not free, let R = Z/6Z, and let
M =7Z/3Z and N = Z/27Z (viewed in the obvious way as R-modules). We then have an
isomorphism R 5 M @ N of R-modules, so M and N are both projective, but they are
clearly not free. (If M, for example, were free, then being finite, it would have to be
isomorphic to R" for some n, so its cardinality would have to be a power of 6.)

Contravariant functors

Before continuing the discussion of projective modules, we introduce another notion
from category theory that will be useful later, namely contravariant functors.

We start with a motivating example. We have been working with the functor Homgz (M, —)
(for a fixed R and M), but let’s consider what happens if we change this slightly and
try to define a functor by Homg(—, M), i.e. a functor F : R-Mod — S-Mod such that
if A is an R-module, then F(A) = Homg(A, M). We then also need to define F(y) €
Homg(F(A), F(B)) for each homomorphism ¢ : A — B of R-modules. Thus to each R-
module homomorphism f : A — M, we need to associate an R-module homomorphism
(F(p))(f) : B—> M. Recall that in defining Homgz(M,—), we simply composed A LAY
with each morphism M — A in Homgz(M,A) to get a morphism M — B in Homg(M, B).
However there is no natural way to use A % B to define a function from Homg (A, M)
to Homg(B, M). On the other hand pre-composition with ¢ defines a function from
F(B) = Homg(B, M) to F(A) = Homgz(A, M):

F(p): Homg(B,M) — Homg(A, M)
f — f o .
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20 Projective modules

It is also straightforward to check that F(¢) is a homomorphism of R-modules, i.e. that
(f+8)ep=(fop)t(gep)and (rf)op =r(f o) forall f,g € Homg(A, M) and
r €R, so F(yp) € Homg(F(B),F(A)). So for each morphism A % Bin R-Mod, we have

F
defined a morphism F(A) <(—w F(B) in R-Mod in the opposite direction.

DEFINITION 20.5 Suppose that C and D are categories. A contravariant functor®® F from
C to D is a rule that associates an object F(A) of D to each object A of C, and a function

Hom¢(A,B) — Homp(F(B),F(A))
¢ - F(y)

to each pair of objects A, B of C such that the following hold:
(i) if Ais an object of C, then F(idy) = idps);
(i) ifA A B and B i C are morphisms in C, then
F(op)=F(p)oF(y).

REMARK 20.6 Recall now the notion of an “opposite” category from Example 5.22. If C
is a category, then CP is a category with the same objects as C, but with Hom¢op (A, B) =
Hom(B,A). In the above example, we can therefore view F() as a morphism in

Hom(g_mod)er (F(A), F(B)) = Homg_poq(F(B), F(A)).

In this language a contravariant functor is nothing other than a functor F: C°® — D (or
equivalently still a functor F: C — D°P).

For our purposes, we need only one example of a contravariant functor:

EXAMPLE 20.7 Returning to the construction above, let M be an R-module, and define F
by F(A) = Homg(A, M) for each R-module A, and F(y) € Homg(F(B), F(A)) by f — fogp
for each homomorphism of R-modules ¢ : A — B. We leave it as an exercise to show that
this defines a contravariant functor, denoted Homg(—, M), from the category R-Mod to
itself, i.e. that conditions (i) and (ii) in the definition above are satisfied.

The remainder of this subsection is non-examinable!
Notions of additivity and exactness carry over to contravariant functors.

DEFINITION 20.8 Suppose that R and S are rings, and F is a contravariant functor from
R-Mod to S-Mod. We say that F is additive if, for all R-modules A and B, the function

F(p) : Homg(A, B) — Homg(F(B), F(A))

is a homomorphism of abelian groups.
We say that an additive contravariant functor F is left-exact if for every exact se-

F

quence A L B2 C—0of R-modules, the resulting sequence 0 — F(C) g
F F

F(B) ﬂ F(A) of S-modules is exact. Similarly we say F is right-exact if F(C) g

F
F(B) Q F(A) — 0 is exact whenever 0 — A L B -5 C is an exact sequence of

R-modules, and F is exact if it is both left-exact and right-exact.

49This is unfortunate language, in that a contravariant functor is not an example of a functor, but
analogous to one. When comparing, one would call a functor as we defined them (that doesn’t reverse
arrows) a covariant functor.
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The analogue of Lemma 19.8 holds for contravariant additive functors. More pre-

cisely, F is exact if and only if for every exact sequence of R-modules 0 — A R B

F F
C — 0 of R-modules, the resulting sequence 0 — F(C) ﬁz F(B) ﬂ F(A) — 0O is

F F
exact, or equivalently if F(C) ﬁz F(B) ﬁz F(A) is exact for every exact sequence of

R-modules A R B-%C. The proof is essentially the same as that of Lemma 19.8, with
again most of the work going into showing that if F preserves short exact sequences,
then it preserves three-term exact sequences. This is done using the same diagram as in
the proof that (ii) = (iii) in Lemma 19.8, which now gives the exactness of

0— F(B/ ker(g)) 3 F(B) ~3 F(ker(g)) — 0,
along with the surjectivity of F(C) &) F(B/ker(g)) and injectivity of F(ker(g)) i<,
F(A).

EXAMPLE 20.9 We leave it as an exercise to show that the contravariant functor Homg(—, M)
(Example 20.7) is left-exact. As with the functor Homg(M, —), it is not necessarily exact
(for example, take M = R = Z and apply Homgz(—, M) to the stock exact sequence (27)).
Again it can be useful to consider R-modules M for which the functor is exact; these are
called injective modules. We leave it as an exercise to show that Q) is an example of an
injective Z-module.

Projective and free resolutions

Returning now to projective modules, recall that every free R-module is projective.
We claim that for any R-module M, there is a surjective homomorphism ¢ : F - M
for some free, hence projective, R-module M. Indeed let A C M be any subset of M
that generates M as an R-module (let A= M, for example), and let ¢ : F, — M be the
R-linear homomorphism sending e, — a for a € A (where F, is the free R-module on A;
see Proposition 9.15), i.e.

P : F, — M
Z Tq€q Z rqQ.
a€A a€A

Recall that this makes sense since only finitely many of the r, are non-zero in the sum,
and note that ¢ is surjective since its image contains A, and we assumed A generates M
(as an R-module), so the only R-submodule of M containing A is M itself.

DEFINITION 20.10 Let M be an R-module. A projective resolution of M is an exact se-
quence of R-modules of the form
d3 dz dl €
oo—>Py— P —Py— M—0,
where P; is a projective R-module for all i > 0. Similarly if each P; is a free R-module in
such an exact sequence, then it is called a free resolution.

Note that every free resolution is also a projective resolution. We will prove that
every R-module has free (hence projective) resolutions, but first we give some examples
which illustrate how such resolutions are constructed.

EXAMPLE 20.11 Let R = Z and let M = Z/2Z. We have the surjective homomorphism
€ : Z — Z/27Z (of Z-modules) defined by e(a) = a (where as usual a denotes the residue
class of a for a € Z). The kernel of € is 2Z, which is also free (being isomorphic to Z
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20 Projective modules

as a Z-module), so we can let Py = Z, P; = 2Z and P; = 0 for i > 2 to obtain a free
resolution

d
5 0—0—2Z 57 -5 7/22—0
of M = Z/27Z, where d, : 2Z — Z is the inclusion.

EXAMPLE 20.12 Again let M = Z/2Z, but now view M as a module over R = Z/4Z.
We again have a surjective homomorphism of R-modules € : R — M, now defined by
a+47Z— a+ 27, but now ker(e) = 2Z/47Z, which is not a free R-module. In fact ker(e)
is isomorphic to M = Z /27 via the homomorphism

7/27. —> 27/47Z
a+27Z — 2a+4Z.

Furthermore M is not even a projective R-module; note for example that € is surjective,
but €, : Homg(M,R) — Homg(M, M) is not. (In fact €, = 0, but Homg(M, M) contains
idy #0.)

Note however that we have a surjective homomorphism R — 27Z/4Z defined by
@ — 2a, so we have the sequence of R-module homomorphisms

d
747 —5 7.)47. —> 7,/27 —> 0

where € was defined above and d; is given by @ — 2a. This is exact since € is surjective
and im(d;) = 2Z/47Z = ker(e). Furthermore note that ker(d;) = 2Z/4Z, so we can
iterate the construction above to obtain a free resolution
ds dy 1 €
-—P)— P —Py—M—0
with P, =R =Z/4Z for all i > 0, € as above, and d, : P; — P;_; defined by d;(a) — 2a
foralli>1.

LEMMA 20.13 Every R-module M has a free (hence projective) resolution.

Proof Choose a free R-module F, such that® there is a surjective R-linear homomor-
phism € : Fy — M. (Recall that we can obtain such an P, and e by letting P, = F, for
any subset A of M that generates M as an R-module.)

Now let M; = ker(e) C Py, and choose a free R-module P; such that there is a
surjective R-linear homomorphism €; : P; — M;. Let d; : P; — P, be the composite
i; o €, where i; : M; — P, is the inclusion, so im(d;) = M; = ker(e) and the sequence

dq €
Pl e PO — M — 0
is exact.

We now iterate this process. More precisely, suppose that n > 1 and we have an
exact sequence of R-module homomorphisms

dn dnfl 1 €
p,—P, _1—--—Ph—M—0
such that Py, Py, ..., P, are free R-modules. Let M, ; = ker(d,) C P, and choose a free

R-module P, and a surjective R-linear homomorphism €,,; : P41 = M. Letting
dp41 : Pyy1 — P, be the composite i, 0 €,47 (wWhere i, ; : M,,41 — P, is the inclusion)
then yields an exact sequence of R-module homomorphisms

dyiq dy, d; €
Pipy—P— " —P—M—0

>0The property that such an R-module exists is to say that R-mod “has enough projectives”. As the
proof shows, this formally gives the existence of projective resolutions.
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such that Py, Py, ..., P,, P, are free. 0

21 Ext: definition and examples

We have seen that if M is an R-module, then the functor Homgz(M,—) does not
necessarily preserve exactness of sequences. Recall that homology provides a way to
measure the failure of exactness. We will make this precise in the context of such “Hom”
functors, leading to the construction of certain functors denoted “Ext.” (The notation is
short for “extensions;” we will give an indication later of what this refers to.)

Suppose that M is an R-module. Recall from Lemma 20.13 that M has a projective
resolution

d3 dz dl €
vo—P)— P —Py— M —0.

Let (P,,d,) denote the resulting (bounded below) chain complex

coo—Pyp—P —Pp—>0—0— ---
Note that, unlike the resolution itself, this sequence is not exact (unless M = 0); its
homology is H; = ker(d;)/im(d;,;) =0 if i # 0, but

HO = Po/lm(dl) = Po/ker(e) = lm(e) =M.

Suppose now that N is another R-module, and apply the contravariant functor F =
Homg(—, N) of Example 20.7 to the chain complex P, obtained from a projective res-
olution of M. Since F is contravariant, this yields a sequence of homomorphisms of
R-modules

F(d F(d F(d
0 — 0 — F(Py) " pp) B ppy) EY
Since F is additive and d; o d;; = 0 for all i > 0, it follows that
F(di11)oF(d)) =F(d;od;y;) =F(0)=0

for all i > 0, so the resulting sequence is a (bounded above) chain complex. For con-
sistency with our conventions in Definition 16.9, let C; = F(P_;) and 6; = F(d_;,;) (for

6-i+1

d; : L .
i <0). Note that since P, — P;_; (for i > 1), this gives C_;;,; — C_;, where 6_;; is
defined by
C_iy1 = Homg(P;i_;,N) — Homg(P;,N) =(;
f —_ f o di:
and our chain complex can be rewritten®! as

5., 5.y

50— 00— Ci—C_1—Cy—>--,

or simply (C,, &,).

We will now use the homology of this chain complex to define Ext modules; more
precisely, we let Ext,(M,N) = H_;((C,,6,)). However the construction of the chain
complex depended on a choice of projective resolution of M. Before we show that

51An alternative to using the negative indices would be to write C' and &' for what we are calling C_;
and &_;. The resulting sequence

50 5t 52
—>0—>0—C—C'—CP—-,

or simply (C*,&*), is called a cochain complex, and its i™ cohomology group, denoted H' = H!(C*,§*), is
defined as ker(6)/im(51).
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Ext;'{(M ,N) is well-defined (i.e. independent of that choice) and study its properties,
let us consider some examples.

EXAMPLE 21.1 If N is any R-module and P is projective, then

Homgz(PN) i=0

ExtL(BN) =
r(EN) {0 else

This is because taking P, = P and P; = 0 for i > 0 immediately gives a resolution
++0>0—->0—>Py—>P
of P. Then Ext;(P, N) is the homology of
-++— 0 — 0 - Homg(Py,N) — Homg(0,N) - Homy(0O,N) — - - - .

EXAMPLE 21.2 Let R=7%, M = Z/2Z and N = Z. Recall from Example 20.11 that we
have a free (hence projective) resolution

d
i —0—0—2Z —> Z —— Z/2Z —> 0.

We may therefore take (P,,d,) to be the chain complex

d
i 0—>0—2Z—Z—0— 0 —> -+,

with P, = 27, P, = Z and d,; the obvious inclusion. Applying the functor Homy,(—, Z)
then yields the chain complex

5
i —>0—>0—Cy—C_1—0— 0 —> -+,

where C, = Homy(Z,Z), C_; = Homy,(2%Z,Z), and &, : C, — C_; sends a homomor-
phism f : Z — Z to its restriction f od; : 2Z — Z. Recall that C, = Homy(Z,Z) is
isomorphic to Z (via f — f(1), so a € Z corresponds to the homomorphism Z — Z
defined by b — ab). Since 2Z is isomorphic to Z (as a Z-module, via 2a < a), we also
have that C_; = Homy (27, Z) is isomorphic to Z (via g — g(2) for g € C_;). The chain
complex (C,, 8,) will therefore have homology isomorphic to that of the chain complex

/

50— 07 —5Z—0— 0 — -+,

~

where now &, is the homomorphism corresponding to &, under the isomorphisms Cj
Z and C_; = Z, i.e. making the diagram

commute. Note that 1 € Z corresponds to id, € Cy, and 6,(id;) = d; (the inclusion
27 — 7), which corresponds to d;(2) = 2 € Z, i.e. (1) = 2, so §,(a) = 2a for all
a € Z. It follows that

, 7)2Z, ifi=1;

] — . ~ b s

Bxty(2/22,2) = H (G 50 2 | 225 T2k
Similarly one finds that if n > 0, then Ext%(Z /nZ,7.) = 7./nZ and ExtiZ(Z /nZ,7) =0

fori#1.
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EXAMPLE 21.3 We claim that if M and N are any R-modules, then Extg(M ,N) is isomor-
phic (as an R-module) to Homgz (M, N). To see this, note that Extg(M ,N) is the homology
in degree O of the chain complex

* *

. — 0 — 0 —> Homg(P,,N) — Homg(P;,N) —> -+,
0 _
so Extp(M,N) = ker(d}).
We claim that that Homg(—, N) is left-exact (cf. Example 20.9), in the sense that the

d € . .
exactness of P; —» P, — M — 0 implies the exactness of

(29) 0 —> Homgx(M,N) —> Homg(Py, N) —> Homg(P;, N)

(where €* = F(€) is defined by precomposition with P, = M).
We verify this in three steps. Firstly, consider €*(h) for some h: M — N. This is

. .. € h . . .. . .
given by the composition P, — M — N. Since € is surjective, if the latter composite
is zero, we must have that h = 0. In other words, €* is injective. Now, we claim that
im(e*) C ker(d7), or equivalently that dj o €* = 0. This follows as given h: M — N, we

h h d h
have that d(e*(M = N)) = d(Py — M = N) = (P, — Py — M = N) € Homg(P;, N).
But this is zero as € o d; = 0 by assumption that (29) is exact. Finally, we must show
that given g: P, — N lying in the kernel of dJ, this g is in the image of €*. Since we

d
are assuming that P; — P, 2, N is the zero map, we have that im(d;) € ker(g). By

the first isomorphism theorem, this means that g factors as P, — P,/im(d;) % N for
some g (Exercise 3.24). But P,/ im(d;) = M by exactness of the original resolution and
under this identification the map P, — P,/im(d;) becomes P, 5 M. This g is then by
definition a map M — N which under precomposition with € gives g. In other words, it
is our desired preimage of g under d;.

Now exactness of (29) gives that ker(d}) = im(e*) and that since €* is injective, it is
an isomorphism onto its image. So Homg(M, N) = ker(d}) = Extg(M ,N). Note that this
is consistent with part of the conclusion of Example 21.2, since Homy(Z/27Z,7) = 0.

REMARK 21.4 It is a little hard to justify this Ext construction at this point in the course.
Here are some thoughts which may or may not be helpful and certainly can be safely
ignored for the purposes of this course. The highbrow “derived functors” argument goes
along the following lines: A resolution P, — M is in some sense a replacement of M.
This is because P, and M both have the same homology, namely M in degree zero. On
the other hand, we know that Homgz(M,—) is only left-exact (Example 19.6), but that if
P is projective, then Homg(PB,—) is much better behaved in that it is exact (Proposition
20.3). It is “safer” to evaluate Hompy on projective modules than on general modules.
We combine these ideas by calculating Homp, on the projective replacement of M. This
allows us to obtain information that otherwise would have been lost/damaged.

The more common first justification is simply that given a short exact sequence,

0—a-B Y00,

we obtain a segment of exact sequence

0 —> Homg(M,A) > Homg(M, B) ~= Homg(M, C).

(see Example 19.6). Can we continue this to an exact sequence. The answer is yes,
using Ext. We show this in §22.
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The final justification for studying this Extllz(M ,N) is that it computes something we
want to know! It classifies extensions of M by N:

0O—M—DX—N—70.

We explain this in §23.

Independence of the choice of resolution (not examinable)

Let us now return to the problem of showing that Ext;z(M ,N) is independent®? of
the choice of the projective resolution of M. More precisely suppose we choose another
projective resolution

/ / /

€
o =5 PP — P/ —M—0

and apply the functor Homg(—, N) to obtain a chain complex (C., 5.). We need to show
that there is an isomorphism between H_;((C,,5,)) and H_;(C.,&.); furthermore the
isomorphism is in a certain sense “canonical,” allowing us to identify them and view
either as Extli{(M ,N).

The first step to showing an isomorphism is to construct a map between them at
all. By Lemma 17.8, we know that if we can construct a chain map v,: (C.,5.) —
(C,, d.), then we will obtain a map on homology (which in our case will be an isomor-
phism). But (C,, d,) is obtained by applying Homg(—, N) to (P,,d,) (and similarly for
the other complex), so as Homg(—, N) is a contravariant functor, if we have a chain map
¢.: (P,,d,) — (P.,d,), then we obtain a chain map 1), by applying Homg(—, N) (func-
tors preserve commutative diagrams, note the arrows have reversed). We make finding
p, our first goal!

Step 1: Chain map between projective resolutions
Consider now our two projective resolutions of M, which we will sometimes abbre-
viate as P, —s M and P.’;M.

We will inductively show that there are R-linear homomorphisms ¢; : P; — P! (for
all i > 0) such that the following diagram commutes:

P, P, P, P, M
| | | |
(30) | @i | i1 I o1 | 90 H
Y d’ Y Y d; Y ¢
/ L / / /
P, P/ . P P} M,

ie.e=€"opgand p;_jod; =d/ oy, foralli>1.

We only have one tool to create maps! Namely, the triangle of Proposition 20.3 (iii).
We will repeatedly create such triangles. The first “triangle” is the right hand square

€
of (30), where we consider the top and right hand maps as one side. Note that PyM
is surjective as required by Proposition 20.3 (iii). So we obtain a map ¢, such that
€ opy=ce.

521y other words, that Ext;(M ,N) is well-defined. As an extreme example, we don’t yet know that
Ext}iz(O,N ) =0, what if we’d used an interesting resolution of zero?
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To create the next “triangle”, consider

=By b ker(Py S M)

|
: ©1 iﬂﬁo Iker(e)

hd

o — P — ker(P} <> M)
2 1

Here we use that since P, — M is a complex, the image of d; must be contained in the
kernel of € and similarly for the lower row. We also use commutativity of the left hand
square of (30) (which we just showed) to know that ¢ takes ker(e) to ker(e’). Now we
can use that the lower complex is exact to deduce that ker(e") = im(d}). This ensures
that the lower map is surjective and by Proposition 20.3 (iii), there is an R-module
homomorphism ¢; making the “triangle” commute.

We can now iterate the previous argument to define ¢; inductively. The argument
is exactly the same taking the right hand side of the square to be ker(P,_; — P;_,) —
ker(Pl.’_1 - Pi/—z)- We obtain R-module homomorphisms ¢; making all the squares com-
mute, i.e. a chain map ¢, : (P,,d,) — (P.,d.) (where we define ¢, to be zero for i < 0).

Step 2: The chain maps 1,1’

Furthermore we claim that applying the functor F = Homgz(—, N) to the morphisms
¢; yields a chain map®® ), : C. — C, (where the chain complexes C, and C, are the
ones obtained by applying F to P, and P, as in the definition of Ext}iz(M ,N)).

More precisely, recall that C; is defined as F(P_;) = Homg(P_;,N), giving a chain
complex (C,,8,) (with §; = F(d_;;1) : C; = C;_1), and similarly we define (C.,5’) by
C/=F(P’,)and &; = F(d’,_ ;). Therefore letting v); = F(p_;) : C{ — C;, we have

Yi106; =F(¢_iy1) ° F(d_i41) = F(d_jt10 90—i+1)/
= F((P—i ° d_i+1) = F(d_i+1) o F((P—i) = 5i o Tabi
for all i € Z; i.e. the squares in the diagram

5! 5!

i+1

/ / L /
ot > Ci+1 Ci Ci—l
1l’iJrl wi L"pil
5i+1 5i
= Cin G Ci

commute, so that ), is a chain map.

Applying Lemma 17.8, we obtain R-module homomorphisms 1), ,: H;((C,,5.)) —
H;((C.,,4.,)) defined by

Vi Zj/B, — Z;i/B;
c+B, — ;(c)+B.

We will prove that the v; , are isomorphisms, and furthermore this isomorphism is in-
dependent of the choice of the homomorphisms ¢; in the construction of the chain map.

As usual, we will prove that the homomorphism we just defined is an isomorphism
by constructing an inverse. To that end, note that we can interchange the roles of the

o . € €’ . . .
projective resolutions P, — M and P, — M in the construction of the chain map ¢,

53Note that the direction has reversed since F is contravariant
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/
°

to obtain a chain map ¢ : P, — P,, and hence also v/, : C, — C., inducing an R-linear
homomorphism

Vi, :Zi/Bi— Z{/B].
Interlude: Why homotopies?

We would now like to prove that the composites 1/)?) Lo, and ;o0 1/); , are both
identity maps. This would follow easily if we knew that the ¢; and ¢; were each other’s
inverses. This is unfortunately unlikely to be true>*! Rather than prove the homomor-
phisms (,0{ op; and p; o c,olf are identity maps, we will prove that they are “homotopic55”

to the identity, and this will be sufficient to know that v,, 1’ induce inverse maps on
homology.

DEFINITION 21.5 Suppose that (A,,e,) and (A, e,) are chain complexes, and that 7, :
A, — A, is a chain map. We say that 7, is null-homotopic if there is a sequence of R-linear

homomorphisms h; : A; = A | such that n; = (e, ; oh;) + (h;_; o ¢;) for all i € Z.

We can visualize the maps via the diagram:

€it2 €i+1 €; €i—1
Aiyo Ain A; A g
s
hiva,” hit1, 7 h; , hi, 7 hi1,
», Ni+2 , Ni+1 Y Ni , Ni—1 s
/'/ » ¥ » #
.. A/ A/ A/ A/
i+2 i+1 i / i—1
Cit2 €it1 ¢ €1

Recall that 7, is a chain map (Definition 17.6) if the squares commute; it is null-homotopic
if there are maps h; along the indicated diagonals so that each 7); is the sum of the two
“routes around the parallelogram” A; — A} (namely e, oh; and h;_; o ¢;). The signifi-
cance is the following:

LEMMA 21.6 Ifn, : A, — A, is a null-homotopic chain map, then the induced map ), ,.: H;(A,) —
H;(A.)is O foralli € Z.

Proof. Recall that 7, , is the R-linear map:
Nix: Zi/Bi —  Z{/B]
a+B; — n(a)+B)
where Z; = ker(e;), Z; = ker(e;), B; = im(e;;1) and B; = im(e;, ). Thus for 7; , to be 0
means that 1;(Z;) C B].

Suppose then a € Z;, i.e. e;(a) = 0. The existence of the homomorphisms h; as in
Definition 21.5 thus implies that

ni(a) = e}, (hi(a)) + h_1(ei(a)) = e}, (h;(a)) € im(e, ) = Z],
using that a € ker(e;), as required. O

Suppose now that 1, and ¢, are two chain maps (A,,e,) — (A, e.). Since n;_,0e; =

e;on; and {;_; oe; = e o, it follows that
/ / /

(Mic1—Ciz1)oe;=(Mi10¢)—(fi10e) = (el. on;)— (ei ol;)= €;° (ni =20,

>4What if we took (P,,d;) to be (P,,d,) but with P, = P, ®R and P, = P, ®R and d; = d, @ id using
that 0 — R -5 R — 0 is exact

55Homotopies come originally from topology, where two maps are homotopic when they in some
strong sense nearly the same, but not necessarily equal. This will be true for homotopic chain maps also!

The topological and algebraic notions can be seen to be compatible once we use chain complexes to study
topology.
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21 Ext: definition and examples

so that the sequence n; — {; is also a chain map (A,,e,) — (A,,e.), which we denote
Ne — Cv

DEFINITION 21.7 Suppose that 1, : A, = A, and ¢, : A, — A, are chain maps A, — A..
We say that 1, is homotopic to ¢, if n, — {, is null-homotopic.

It is easy to see that the property of being homotopic is an equivalence relation on
chain maps A, — A,,. For example if n, — ¢, is null-homotopic, then replacing h; by —h;
in Definition 21.5 shows that so is {, — 7,.

COROLLARY 21.8 Suppose that n, : A, — A, and {, : A, — A, are chain maps. If n, is
homotopic to {,, then n; , = {; , for all i € Z (where 1;, and {; ,: H;(A,) = H;(A}) are
the homomorphisms induced by n, and {, on homology).

Proof. Since 1, — {, is null-homotopic, the induced homomorphism
(i — ).+ Hi(AJ) — Hy(A,)

is 0, but it is immediate from its definition that this is the same as 7, , — {; ,, and hence
Nix = 4 i% O

Step 3: Construction of the homotopies

Returning now to the task of proving that 1), , and )} _ are each other’s inverses,
let us first consider the composite 1; , o wi* Letting 6; = 1; o 4!, we have that 6, is
a chain map C, — C,, and 6; , = ; , o4} . By Corollary 21.8, it suffices to prove that
0, is homotopic to id, (where id¢, is the chain map defined by the identity on each C;,
which clearly induces the identity on H;(C,)).

To prove that 6, —id, is null-homotopic, we claim that it suffices to prove that
o —idp, is null-homotopic, where ¢, = ¢, o ¢, (i.e. {; = ¢! o ¢; for all i). Recall
that (C,, 6,) is defined by applying the F = Homg(—,N) to (P,,d,), and similarly the
chain maps 1, and 1)/, are so obtained from ¢, and ¢.. So if h; : P; - P, is as in
Definition 21.5 with (A,, e,) = (P,,d,) and 1, = {, —idp , then

6, —idc, =(y;0v})—idc = (F(p_;)oF(¢’;))—F(idp_))
=F(p’;09_)—F(idp ) =F({_;)—F(idp_)
=F({_;—idp )=F((d_jy10h )+ (h10d))
=F(d_jz1oh_;) +F(h_j_y0d_;)
= (F(h_;)oF(d_;41)) + (F(d_)) o F(h_;_1))
=(gi=1°0))+(6i11°8i)s

where g; = F(h_;_;) : F(P_;) = C; = C;y; = F(P_;_), showing that 6, —id, is null-
homotopic. “Functors preserve equalities” (and being null-homotopic is an equality).

Finally, to prove that {, —idp, is null-homotopic (i.e. that {, is homotopic to idp ),

we will appeal to the following lemma:

LEMMA 21.9 Suppose that f : A— A’ is a homomorphism of R-modules, and that Q, A

€ . . . . .
and Q, — A’ are projective resolutions®®. Then there is a chain map &, : Q, — Q’, such

56As can be checked in the proof, it actually suffices that Q, is simply a complex of projective modules
and Q) — A’ a resolution by not necessarily projectives
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21 Ext: definition and examples

that f oe =&’ 0 &, i.e. the squares in the diagram

e (] 3

(31) ”'_>Qi_i>Qi—1 Q, Qo A
lgi lgiq l‘:l Lfo Lf
ﬁ.Qi LQ;—l Qll €] Q6 P A

commute. Furthermore any two such chain maps &, and &, are homotopic.

Proof. The proof that such a chain maps &, exist is exactly as in the contruction of the
chain map ¢, in (30); simply replace idy; : M - M by f : A— A’, sothate : Py —» M is
replaced by f o ¢ : Qy, — A’. We omit the details.

We still need to prove that if , and &’ are two such chain maps, then n, =&, — &/,
is null-homotopic. So we need to construct a sequence of R-linear homomorphisms
h; : Q; — Qi , such that n; = e/ , oh; = h;_; oe; for all i € Z. This is a slightly more
advanced version of the method of Step 1. In particular, we will once again appeal to
Proposition 20.3 (iii) to construct maps given triangles.

Since Q; = 0 for i < 0, we must have h; = 0 for i < 0 (and the desired equation is
automatically satisfied for such i).

Next note that ¢ ong = (¢'0 ) — ("0 &) = (f oe)—(f o&) = 0, so im(n),) C ker(&").
We then have a diagram:

Qo

e

Jhe -
Ve \LYIO
)</

> Q) — > ker(¢)
1

With h, existing by projectivity of Qq and the fact that Q, is exact so thatker(¢’) = im(e})
and the lower map is surjective. Note that since h_; = 0, the equation 1y = (h_; o ey) +
(e] o hy) is satisfied.

We now carry on inductively to define the homomorphisms h; for i > 0. More
precisely, suppose that n > 0 and that hg,h,...,h,_; have been defined so that

n;=(el,,0h)+(hi_y0e) fori=0,...,n—1.

VYe wish to define h,, : Q,, — Q;H ?0 that ), = (e, © hn)/ + (h,_; o e,), or equivalently
€ht1 ohn = nn_(hn—l Oen)' Since €,°Mn =TMn-1°€n and €, ohn—l ="Mn—1 _(hn—z c€n ):
we have

e:l o (nn - (hn—l ° en)) = (e:l ° nn) - ((6:1 o hn—l) o en)

(nn—l ° en) - ((nn—l - (hn—Z ° en—l)) o en)
(nn—l ° en) - (nn—l © en) + (hn—Z ©€p1° en)
= 0.

Therefore im(n,, — (h,,—; © ¢,)) C ker(e/ ). We then have a triangle

Qn
3n, -7
k// \L’nn_(hnfloen)
e — Qi - ker(e;)
n+1
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22 Functoriality of Ext

Here h, exists as Q, is projective and the lower sequence is exact so that ker(e!) =
im(e’ ;) and the lower map of the triangle is surjective. We then have

(enyy 0hn) =1, — (hyg 0ey),
ie.
M = (epeq 0 hn) + (hpy 0 ey),
So 7, really is null-homotopic via the h;. O

Recall that we have two choices of chain maps P, — P, such that the diagram (31)
commutes when f is idy,: M — M. Namely, the identity map idp, and ¢, := ¢, o ¢,.
We now apply the last part of Lemma 21.9 to see that these two choices are homo-
topic. It follows that 6, = ), o)/, is homotopic to id¢, (functors preserve equalities
of compositions, additive functors preserve sums). Corollary 21.8 now implies that
P, Q,b:* = 0; , =idg, , is the identity on H;(C,) for all i € Z as desired!

Reversing the roles of P, — M and P, — M, shows that 1) o 1), is homotopic to
idc, so that +; .: H;(C,) — H;(C,) and ¥}, : H;(C,) — H;(C,) are mutually inverse
isomorphisms as desired!

. . e . €
The exact same argument, using the resolution P, — M instead of P, — M, shows
that 1, 1, is homotopic to id¢;, so ¥, o1, , is the identity on H;(C,).

We have now completed the proof that 1, , : H;(C,) — H;(C,) is an isomorphism for
all i € Z. So for any two choices of projective resolution of M, the R-modules we wish
to use as the definition of Exty(M,N) (namely H_;(C,) and H_;(C /)) are isomorphic.

Furthermore another application of Lemma 21.9 shows that any two chain maps ¢,
as in (30) are homotopic. It follows, as in the discussion preceding Lemma 21.9, that
so are the resulting chain maps 1),, and hence the isomorphisms 1)); , are independent
of the choice of ¢,. Identifying H_;(C.) with H_;(C,) via this “canonical” isomorphism,
we conclude that Ext%(M ,N) is well-defined*”’.

22 Functoriality of Ext

Recall that if M and N are R-modules, then Homgz(M,—) defines a functor from the
category R-Mod to itself, and similarly Homg(—, N) defines a contravariant functor. We
will now explain how the same is true with Hom replaced by Ext'.

For each homomorphism g : N — N’ of R-modules, we will associate an R-linear
homomorphism Ext;(M ,N) — Ext%(M ,N’). It’s actually not hard at all to define the
map. The issue is that we defined EXt;.Q(M ,N) with respect to a choice of projective
resolution of M and we need to show independence of this choice.

The map is constructed as follows. Let P, —> M be a projective resolution of M.
Then the homology of (C,, ,) with C; = Homg(P_;, N) computes Ext;(M ,N) (it is its
—i™) homology whilst the homology of (C., 5,) computes Ext; (M, N). Note the bound-
ary maps in both complexes are given by applying Homg(—, N), Homg(—,N’) to the

57\We have seen that the resolution defining Homg(P,, N) is not well-defined but have the much weaker
statement that its homology Ext;(M ,N) is. In fact, there is a notion of equivalence on complexes that is
much weaker than equality but much stronger than “having the same homology” on complexes such that the
equivalence class of Homg(P,, N) is well-defined. Investigating this leads directly to the notion of “derived
categories”.
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22 Functoriality of Ext

boundary maps in the complex P, — M. For each i, applying the functor Homg(P;, —)
to g : N — N’ therefore yields an R-linear homomorphism g, : C; — C/; more explicitly,
we have maps
8xt Ci = HomR(P—i’N) - HomR(P—i:N/) = Cl/
f — gof.
We claim that this sequence of homomorphisms (for i € Z) defines a chain map C, — C.,
i.e. that the squares in the diagram

bit1 5;
=G G Cia
lg* lg* Lg*
5! 5!
/ i+1 / i /
e G ¢ Ciq

commute. This is because the squares are given by:

(32)
51' 51'
Homg(P_;,N) —— Homg(P_(;_1),N) Y ———— Yod (i
S
Homg(P_;,N) —— Homg(P_;;_1),N’) goY —— gopod .

We therefore obtain an induced map on homology in degree —i, which is the R-linear
homomorphism

(33) g, Extiy(M,N) =H_;(C,) — H_;(C) = Ext;(M,N").

We claim that this construction makes Ext;(M ,—) a functor. (This is with respect
to our chosen resolution P, — M, once we show that the maps g, don’t depend on
P, — M, we this dependency will go away.) More precisely, for all i, we claim we have
a functor F : R-Mod — R-Mod defined by F(N) = Ext}iq(M,N) and F(g) = g, (asin
(33)) for g € Homg(N,N’). For this, note that if g = idy, then the chain map C, — C,
defined by g, (in each degree) is also the identity, and hence so is g,. Furthermore
if g € Homg(N,N’) and g’ € Homg(N’,N"’), then the composite of the chain maps
C, — C, — C. inducing F(g) and F(g’) is given (in each degree) by f — g/(g.(f)) =
(g’ 0 8).(f) (where f € C; = Homg(P_;,N), and C;" = Homg(P_;,N")), and this is the
same as the chain map C, — C.’ inducing F(g’ o g).

Independence of the choice of resolution (not examinable)

We now need to show that this homomorphism g, is independent of the choice of
resolution P, — M. More precisely, suppose we choose a different® projective resolution
Q. — M, and let D, denote the chain complex obtained by applying Homg(—, N) to
Q,, so that Ext;(M ,N) is identified with H_;(D,) via its canonical isomorphism with
H_;(C,). Similarly Ext;(M ,N’) is identified with H_;(D.) via its canonical isomorphism
with H_;(C.), where D! is defined by applying Homg(—, N’) to Q,, and the construction
above (with P, replaced by Q,) yields a homomorphism

(34 g. : H_;(D,) — H_;(D,).

S8we previously denoted this P, M, yielding a chain complex C/, which has a different meaning
here, so we have changed the notation.
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22 Functoriality of Ext

For g, to be independent of the choice of resolution means that the versions defined
in (33) and (34) correspond to each other under the canonical isomorphisms of §21
H_;(D,) 5 H_,(C,) and H_;(D.) 5 H_;(C!) that showed Ext' was independent of the
choice of resolution, i.e. the diagram

H_/(D,) <5 H_(D))

R .

H_(C,) =5 H_(C)

commutes. Recall that the vertical isomorphisms are induced by the chain maps 1, :
D, — C, and v, : D, — C! obtained by applying Homg(—, N) and Homg(—,N’) to the
chain map ¢, : P, — Q, constructed in (30). The desired commutativity will therefore
follow from that of

8

Homg(Q;,N) = D_; — D!, = Homg(Q;,N’)
l’lp—i l”‘Pl,l
Homg(P;,N) = C : C’; = Homg(P;,N),

which holds since

Y (g (fN=yY (fog)=piof og=gpiof)=g.(P_i(f))

Long exact sequence of Ext

Starting with a short exact sequence of R-modules, we will apply Lemma 18.7 to
construct long exact sequences of Ext-modules.

Let M be an R-module, P, —“>Ma projective resolution, and
0—N-5N5N'—0
an exact sequence of R-modules. For any i € Z, if we apply Homg(P_;,—) to this se-

quence, we obtain a sequence

. g
0 —> Homg(P_;,N) - Homg(P_;,N") —> Homg(P_;,N"") —> 0.

Since P_; is projective, this sequence is exact (this is the definition of projective). The
terms in this sequence are the terms of the complexes computing (C,, 8,),(C.,5.),(C/,5)
computing Ext,(M,N), Ext,(M,N’), Ext,(M,N") respectively. Moreover, the maps g,, g
are chain maps between these complexes (see (32)). In other words, we have a short
exact sequence of chain complexes. So we can apply Lemma 18.7 to obtain a long exact
sequence of Ext-groups.

COROLLARY 22.1 Suppose that M is an R-module. If

0—N-N2N'—0
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is an exact sequence of R-modules, then there is a long exact sequence:

0 — Homg(M,N) —¥% Homp(M,N’) —=% Homg(M,N")
i

’ 80
Exth(M,N) —— Exth(M,N') —— Exth(M,N")

R
K/,/)a
Ex2(M,N) —— Ext3(M,N') —— Ext3(M,N")

Proof. This all follows from our existing work. Note in particular, that Extg(M ,—) =
Homg(M,—) by Example 21.3. 0

EXAMPLE 22.2 Let R =7 and M = Z/2Z, and consider the exact sequence

0—72-572-2572/22—0

(of Z-modules), where g(a) = 2a and g’(a) =a.
Applying Corollary 22.1 gives a long exact sequence

0 —— Homy(Z/2Z,7) LN Homy(Z/27,7) i} Homy(Z/27Z,7/27)

’ 50
> Extl(2/22,2) —— Ext}(Z/22,Z) — 5 Ext}(Z/2L,2/2Z)
2
— Ex2(2/22,Z) — > -

Recall that we computed ExtiZ(Z/ZZ, Z) in Example 21.2 to be 0 if i # 1, and

Ext}(Z/27Z,7) is isomorphic to Z/27Z. Note also that Homy(Z/27Z,7/27) is isomorphic
to Z /27, so the above sequence becomes

0 > 0 > 0 > 7.]27

/ %
/27 —— T/2Z —=% Ext}(2/22,2,/27)

0 5 0 > Ext3(Z/2Z,Z/2Z)

M
0 > 0 S ..

The exactness implies that d, must be injective and actually an isomorphisms since every
injective map Z /27 — 7Z/27 is injective. We also find completely for free that there is an

/

isomorphism Z/27Z 5 Ext%(Z/ZZ, Z/27) and that all ExtiZ(Z/ZZ, Z/27) =0 for i > 2.

23 Yoneda extensions (not examinable)

We are now finally ready to give the link between Ext}z(M ,N) and extensions.
DEFINITION 23.1 A short exact sequence

O—N—>X—>M—70
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is also called an extension of M by N. We define an equivalence relation on extensions
of M by N by saying that they are equivalent whenever there is a chain map between
them with outer maps the identity:

0 > N > X > M Y

(35) H l H

0 > N s X’ > M > 0

This is obviously transitive and reflexive. To show that it is symmetric requires knowing
that the map X — X’ above is an isomorphism. This follows from the snake lemma
(check!). We then denote the set of equivalence classes of extensions of M by N by
Extg(M,N). It is called the Yoneda set of extensions.

We claim that there is a canonical bijection Extzg(M,N) — Ext}z(M ,N) from Yoneda
extensions to our extensions. This means that elements of Ext}z(M ,N) actually classify
extensions and, conversely, this gives a route to actually compute the set Extzr(M,N).

Note that if Ext}z(M ,N) = 0 this would then give that there is only one equivalence
class of extensions. Since we can always consider the “split” extension

O—N«—Meé&N—M—0,

this means that whenever Ext}z(M ,N) = 0, all extensions of M by N are split. This
is a situation we have seen many times, for example by Example 21.1 we know that
Ext}{(P, N) = 0 whenever P is a projective R-module. So all extensions of the form

0—N-—>X—P—0
are isomorphic to the split extension N @ P. In particular, there are no non-trivial exten-
sions

0—Z/2Z—X —7Z—0

and no non-trivial extensions of vector spaces (this in particular is a comforting fact!).
(Exercise, prove this directly.)

We first construct a map Extzr(M,N) — Ext}z(M ,N). The idea is to consider the long
exact sequence of Ext corresponding to applying Corollary 22.1 with M = M and the
above short exact sequence. The long exact sequence we obtain begins:

3
(36) 0 — Homg(M,N) — Homg(M, X) — Homg(M, M) = Ext}{(M,N) — .-
But there is a privileged element of Homyz(M, M), namely id;;. We then set

P Extg(M,N) — Exty(M,N)
O0->M->X—>N->0)— Ap(idypy).

(Note the notation g, hides the fact that it depends on the choice of short exact se-
quence.)

We need to check that this is well-defined, i.e. independent of the choice of extension
within an equivalence class. To do so, we introduce a technique that we will utilise
repeatedly in this section.
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23 Yoneda extensions (not examinable)

Specifically, we will use that given any map of short exact sequences

0 —>A —3B —25¢C, —>0

37) \LdA ldB e

0 —> Ay —> By —> Cp —> 0

we obtain separately from each row a short exact sequence of chain complexes
(38) 0 — Homg(P,,A;) = Homg(P,, B;) = Homg(P,,C;) — 0 fori=0,1,

where here P, — M is any chosen projective resolution of M. The homology each of
these short exact sequences of chain complexes yields a long exact sequence of homol-
ogy, which by definition computes Ext. These are the rows of the following diagram:
(39)

0 — Homg(M,A;) — Homg(X,B;) — Homgy(M,C;) — Exti(M,A;) — -

\LdA,* \LdB,* aHdCOC‘\LdC,* (*) H

0 — Homg(M,Ay) —» Homy(M,By) — Homp(M,Cy) —> Extz(M,Ay) — -

Now the vertical maps in (37) acting in the second coordinate induce chain maps be-
tween the chain complexes appearing in the short exact sequences of chain complexes
(38) making a 3D commutative diagram! But we know chain maps induce maps on
homology and we obtain the vertical maps in (39). Note in degree zero these are simply
given by post-composition in the most obvious way. For the rest of this section, we will
only need that given a map of short exact sequences as in (37), the square labelled (x)
commutes.

Returning to well-definedness, we apply the construction to a map of sequences (35)
defining an equivalence. The square () then becomes:

Homg(M, M) —25 Extl(M,N) idy, —— 3y(idy)
Homg(M, M) L Exty(M,N) idy, —— Ox/(idy,)

Here, we stress that the boundary maps are for the different short exact sequences and
need not be, a priori, equal. We then have

®(0—>N —>X - M — 0) := 34 (idy,) = x.(idy)) =: ®(0 > N - X' > M — 0),
as desired.

If the map &: Extzg(M,N) — Ext}z(M ,N) really was a bijection, this would give
Exty(M, N) the structure of an abelian group (with identity inverses etc.). In fact, we
can see directly that Extz(M,N) has a group structure.

DEFINITION 23.2 Suppose we are given two extensions

(40) 0—N-5x 5 M—so0,
(41) 0Ny S Mm—so.
Consider

Zy:={(x%,y) [ nx(x) =my(y)} CX @Y.
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Note that for any n € N, we have that (ix(n),—iy(n)) € Z, as nx(ix(n)) = 0 =
7y (iy (n)). So it makes sense to consider

Z :=Zy/{(ix(n),—iy(n)) [n e N}.

Note that this admits a map from N given by n — [(ix(n),0)] (note (n,0) € Z, since
7ty (ix(n)) = 0). (By our choice of quotient, this is exactly the same as n(— [(0, iy (n))].)
We also have a quotient map Z — M given by (x,y) — mx(x) (which is equal to 7y (y)
by definition of Z;), which is well-defined as (ix(n),—iy(n)) — O.

We claim that with these maps
(42) 0—N—>Z7Z—M—70
is a short exact sequence. We leave this as an exercise. This will be our group multipli-
cation and is called the Baer sum of the sequences (40), (41).

EXAMPLE 23.3 Consider the sequence

(43) 0—7Z-257—>17/27—>0.
We now compute the Baer sum of this sequence with itself. We have that
Zo={(x,y) €Z?| x —y is even}.
It is easy to see that this is generated by (2,0), (1,—1) as a submodule of Z2. Now in
Z={(x,y)€2? | x—y is even}/{(2x,—2y)},
the denominator is generated by (2,—2). We then find that
Z={(2,0),(1,-1))/{(2,—-2))=Z & Z/27Z.
Moreover, since the projection for the Baer sum is given by [(x, y)] — mx(x) and 2 =0
(mod 2), we find that the Baer sum is given by
0—Z— Z®LJ2L 25 7/22 —> 0.

In other words, the Baer sum of (43) with itself is the split extension. This will make
(43) its own inverse under the group law.

LEMMA 23.4 The Baer sum takes equivalence classes to equivalence classes and gives the set
of Yoneda extensions Exty(M, N) the structure of a commutative abelian group.

Proof. Well-definedness is just a matter of checking that the construction of the extension
(42) is “functorial”, that is given a map of short exact sequences we get an induced map
of their sums such that maps identities to identities etc. as in Definition 13.2. Since the
quotients and subspaces defining the Baer sum are all functorial, so is the sum. (Apply
the functoriality to the isomorphism of Definition 23.1.

It is clear that the Baer sum operation is commutative. Most of the group law condi-
tions are formal and straightforward, if a little painful. We omit this and simply remark
that the inverse of .

0—N—X—>M—0
is given by

0—N-5X-—5M—0.
(Note that Example 23.3 is a special case of this, and proving this version is only slightly
harder than that example.) 0

PROPOSITION 23.5 With respect to the Baer sum. the map ®: Extzg(M,N) — Extllz(M,N)
is a group homomorphism.
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Proof. This is a pretty application of functoriality of the long exact sequence associated
to a short exact sequence of chain complexes (Lemma 18.7) discussed above.

Now suppose we have extensions of M by N as in (40), (41). There is a map of
short exact sequences:

0 —> NeN /ZO s M

| -

O—)N@Nﬂ;X@YﬂMeM—)O

where here A: M — M & M is the diagonal map m — (m, m). Label the boundaries
for the upper and lower sequence by J; , xey respectively. So by (x) above, we have a
commutative square:

~
o

7]
Homg(M, M) —>— Ext:(M,N & N) idy > 97, (idy)

— I

%)
Homp(M,M & M) —» Ext;(M,N & N) A —— Fyeoy(A)

The upshot being that dz (idy) = dxey(A). Now let p: N @ N — N denote the sum
map (alternatively this can be considered as the quotient of N @ N by {(n,—n) |n € N}
canonically identified with N). Then we have another map of short exact sequences:

00— NOoN —> Zy — M — 0

b

0 VN —2 s 7 -y M 5 0
This induces:
0
Homg(M, M) —%3 Ext\(M,N & N) idy 3 3y, (idy)
Homy (M, M) —2*3 Ext}(M,N) idy > 9 (idy) = p.(3y,(idyy))

We now have
P«(Fxey(A)) = p, (0, (idy)) = 0;(idy) =: (0 >N — Z - M — 0).
We therefore want to show that

P.(Fxey (A)) = Ox(idy) + 0y (idy) =: 2(0 >N > X - M — 0)
+®(0—>N—->Y—>M—0)

To see this, first note that A = i; + i, as elements of Homz(M, M & M). We know that
both p, and x4y are group homomorphisms, so we need only show that p,(Fxey(i1)) =
Jx(idy;) (the same being true of i, by symmetry).

The last piece is given by the functoriality of the map:

0 > N > X > M > 0

Lo b
0O —— NN — XY — Mo&M — 0
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23 Yoneda extensions (not examinable)

giving
Homg(M, M) a% Ext}(M,N) idy;, ——— dx(idy,)
\Lil,* \Lil,* I \
Homg(M,M & M) ﬂ) Extz(M,N ® N) i} > Fxey(i1) =1,,(0x(idy))

We then have p,(xey(i1)) = p.(i; .(0x(idy)). But we know that p oi; = idy. So
p.oiy, =id and p,(i; .(0x(idy)) = Ix(idy,) as desired. O

We are nearly ready to prove that & is an isomorphism. We just need one additional
fact:

LEMMA 23.6 For any R-module M, there is an inclusion M — I of R-modules with I an
injective R-module, i.e. “R-mod” has enough injectives.

REMARK 23.7 Recall that injective R-modules are those such that Homg(—, ) is exact
(Example 20.9). In this sense, they are the opposite of projective modules. This makes
them satisfy the opposite of Proposition 20.3 with the argument verbatim but with ar-
rows reversed.

We also have the analogue of Lemma 20.13 so that every R-module M admits an
inclusion M — I embedding it within an injective module (cf. every module admits a
surjection P - M from a projective). Curiously, this is not at all just given by reversing
arrows in the argument of Lemma 20.13 and the existence of injective and projective
resolutions are really separate properties of R-mod. (Note that free modules happen to
be projective, unfortunately there is no corresponding result for injectives.) In any case,
we will use this fact in the next proof, deferring its proof to the next subsection for the
interested reader.

THEOREM 23.8 The assignment ®: Extzg(M,N) — Ext}z(M,N) is an isomorphism, i.e.
Ext}e(M ,N) classifies extensions.

Proof. Suppose that Jy(id;;) = 0. Then by exactness of (36), we have that id,, lies in
the image of Homyz(M,X). Write g: X — M for the map in the original short exact
sequence. This then says that id); = g o s for some s € Homz(M, X). In other words,
there is a section

0—N—X-—3M—>0.
This forces 0 > N — X — M — 0 to be isomorphic to the split extension (exercise, take

X >N@®M tobe (id—sog,g)).

For surjectivity, we must magic up a short exact sequence given an element £ €

. . . . . . . . . l . . . .
Ext}z(M ,N). This is slightly more involved. First fix an injection N < I with I injective
(see above remark). We can complete this into a short exact sequence

(44) 0 S N <3 1 —" % coker(i) — 0.

For us, we will use this sequence as a kind of “universal®”” extension starting with N.
We need only cut out our desired extension from this!

59Technically, using the word universal means that there should be one and only one way of cutting
out every desired extension. This won’t be the case and we are claiming every extension can be cut out but
not necessarily uniquely. This is property is sometimes called “versal”.
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23 Yoneda extensions (not examinable)

Now consider the long exact sequence arising from applying Corollary 22.1 to M
and the short exact sequence (44):
(45)

17
0 — Homgz(M,N) — Homg(M,I) — Homgz(M, coker(i)) = Ext}z(M,N) - Ext}z(M,I) — ..

We claim that, because I is injective, we have that Ext}z(M ,I) automatically vanishes.
Indeed, Extllz(M ,I) = H;(Homg(P,,I)) for a projective resolution P, — I. But by defini-
tion injectives are such that Homg(—, I) is exact. Since P, is exact in degrees i > 1 (see
the start of §21), we have that H;(Homg(P,, 1)) = 0.

3
Since Ext}(M,I) = 0 and (45) is exact, we find that Homg(M, coker(i)) — ExtL(M,N)
is surjective. Let ¢ : M — coker(i) be any lift of £. We claim that our desired extension
is given by the upper sequence of

5] pry
0—> N —3X y M > 0
| 1)
0 —> N —-3 1 —™3 coker(i) —> 0,

where here X is the submodule of I & M defined by

X={(,y) I nlx)=y(y)}cleM.

The map i;: N — X is then n — (i(n), 0), which really does land in X as n(i(n)) =0 =
1(0) and the map pry: X — M is (x,y) — y. We should check that this really does
define a short exact sequence, certainly i; is injective and pr, o i; = 0. To see that pr,
is surjective, fix y € M and note that since 7t is surjective, there exists x € I such that
m(x) = ¢y (y). We then have that (x,y) € X and pr,((x,y)) = y. Finally, if (x,y) €
ker(pr,), then y = 0. That this element (x, 0) lies in X ensures that n(x) = (0) = 0.
So by exactness of the lower sequence, x = i(n) for some n, as desired.

It remains to show that the extension defined in (46) really returns £ under the
map ®. This is one last application of the functoriality of the Ext long exact sequence.
Specifically, from the diagram 46, we obtain a map of long exact sequences:

0 — Homg(M,N) — Homg(X,N) — Homg(M,M) — Exti(M,N) — ---
| e
0 — Homg(M,N) — Homg(M,I) — Homg(M, coker(i)) — Extz(M,N) — ---
The commutativity of final square then says that
idy; —— Gy(idy;) =:®(0 >N -X -> M —0)
vl H
Y <

and we win! O

There is also a notion of higher-order extensions, which are similarly classified by
Extl, (M, N).
EXAMPLE 23.9 Recall that in Example 22.2, g, was an isomorphism. In particular,
0o(idz/27) # 0, which is consistent with the fact the exact sequence
O—>Zi>Zi/>Z/ZZ—>O
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23 Yoneda extensions (not examinable)

does not split (since, for example, Z is not isomorphic to Z & (Z/27Z)).

REMARK 23.10 We have established a canonical bijection ®: Extzg(M,N) — Ext}{(M ,N).
Note the left hand side is an abelian group. This means that there is a canonical group
structure on Extz(M,N) also. We can in fact see this group structure explicitly on pairs
of extensions. It is called the “Baer sum”. We then have inverses and the identity is
given by the split extension.

Enough injectives

In this subsection, we prove that any R-module M admits an injection i: M — I
with I an injective R-module.

LEMMA 23.11 For any Z-module M (i.e. abelian group), there is an inclusion M — I with
I an injective Z-module, i.e. “Ab has enough injectives”.

Proof Fix m € M non-zero and consider the submodule (m). This is a cyclic abelian
group so either Z or Z/nZ for some n. In either case, there is some map f,,: (m) — Q/Z
which is non-zero on m (it might not be injective!). We can then apply the extension
property of injectives:

M

0 > (m) ¢

fml 7
3R,
I

N\

to extend f to a map f: M — Q/Z that is still non-zero on m. We now do this for all
non-zero m simultaneously to obtain (by the universal property of direct products) a

h ( ¥ ;c;):Mﬂ [1 oz

meM\{0} meM\{0}

that is non-zero on all elements m € M \ {0} at once. In other words, it is an injective
map.

It remains to show that [ [, <y (o) Q/Z is injective, but this is a special case of the
following lemma. 0

LEMMA 23.12 An arbitrary direct product of injective R-modules is injective.
Proof. This is formal. Suppose that we have an injection A < B and a diagram
0 > A < > B
|
[ s

with I injective. Then we have for every s a diagram and map h;

0 — A——

47 0 L7

47) pr. gi o
I
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23 Yoneda extensions (not examinable)

So by the universal property of direct products, we obtain amap ([ [;cshs): B = [ [,es Is-
We of course claim that this makes the following diagram commute:

0 b A< > B
h,

AL

l_[ses IS

But this follows as by the universal property, there is a unique map A — [ [.¢ I, with all
projections given by pr; o g, but this is true of A< B — [ [._¢ h, by (47). U

sES

Proof of Lemma 23.6. We bootstrap from Lemma 23.11. First consider M as a Z-module
(i.e. as its underlying abelian group). Then by Lemma 23.11, we know that there is an
injection of Z-modules j: M — J with J injective as a Z-module. Using this j, we then
have

M = Homg(R, M) — Homy(R, M) <> Homy(R, J).
We can consider Homy(R, —) as an R-module by acting on the first factor (note R is com-

mutative). When we do so, the map j, is a map of R-modules. The map Homg(R, M) —
Homy (R, M) is also, so we need only show that Hom,(R,J) is injective as an R-module.

This is actually a standard application of a key general result of category theory®,
which we can easily unwind here. This relies on the fact that there is a natural bijection

Homg(T,Homy(R,J)) <— Homy,(T,J),
for any R-module T (on the right hand side, we consider T as just its underlying abelian
group). This is given by sending (¢t — ) to (t — (1)) and ¢ € Homy(T,J) to (t —
(r — (p(rt)))). The claim that this is “natural” for us refers to the fact that this bijection
respects R-module homomorphisms T — T’ (check all these claims).

Now, Homy (R, J) is injective if and only if for all i: N — M, we have that

Homg(M,Homy(R,J)) SN Homg(N,Homy(R,J)

is surjective (the injective version of Proposition 20.3). By the above we have a commu-
tative diagram:

Homg(M, Homy(R,J)) ——5 Homg(N, Homy(R,J))

) )

Homy(M,J) ———— Homy(N,J)

(The diagram commuting by naturality of the bijection). But, by assumption J was
injective as a Z-module, so since N — M as a Z-modules, we have that the lower arrow
is surjective (analogue of Proposition 20.3 so that the upper arrow is also. 0

Note that similarly to Lemma 20.13, having enough injectives immediately shows
that injective resolutions exist also.

REMARK 23.13 From what we have seen in this course, it is tempting to think that pro-
jective resolutions are “better” than injective ones (Z is a much nicer module that Q/Z).
Unfortunately, in several categories®! important for geometry, injectives exist in higher
generality than projectives and there is no option but to consider injective resolutions.

60«fynctors with an exact left adjoint preserve injectives”
61Here we have to extend the notion of injective/projective, but this is not so hard.
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24 Solubility of prime order groups

Recall that there is an action of a group G on itself by conjugation (Example 4.11).
Recall that the orbit of h € G is its conjugacy class { ghg ™' |g € G} (see Example 4.22),
and its stabiliser is the centralizer of h in G, i.e. Z;(h) (see Example 4.32). Suppose
now that G is a finite group, and let [h] denote the conjugacy class of h in G. Note that
it follows from Corollary 4.35 that its cardinality

#[h]1=1[G: Zg(h)] = #G/#Zs(h)
divides the order of the group G. Furthermore
#[h]=1 < [h]=1{h} & Z;(h)=G < h e Z(G),

where Z(G) = {h € G| gh = hg for all g € G} is the centre of the group G. Since the set
of orbits defines a partition of G (Lemma 4.14), we obtain the following formula, called
the Class Equation for G:

THEOREM 24.1 Let G be a finite group, and let C denote the set of conjugacy classes in G.
Then
#G = > #[g] = #2(G) + Y. #[gl,
[gleC [gleC, #[g]>1
and each term #[g] =[G : Z3(g)] is a divisor of #G.

EXAMPLE 24.2 Let us determine the Class Equation for the dihedral group

D,={e,p,p....p" 0, 0p,900% ..., 0p" 1},
where p is any rotation of order n, and ¢ is any reflection.

Suppose first that n is odd. Using that @pip™ = ppie = p~* for all i, we find
that [p'] = {p%, p" '} has two elements for i = 1,...,(n—1)/2. (Note that accord-
ingly Z;(p!) has order n, and since it contains (p), it follows that Z;(p') = (p) for
i=1,...,n—1.) Furthermore since p'pp’ = pp?, we find that [¢] contains the n
elements of the form ¢ p/, but no elements of the form p’ (and accordingly Z;(¢p’)
has order 2, and hence equals (¢p/)). Of course [e] = {e} and Z;(e) = G. Therefore
the Class Equation is:

2n=1+2+2+---+2+4n.

(n—1)/2 times
On the other hand if n is even, then p™/? € Z(G), whereas [p'1={p!, p"'} has two
elements fori = 1,...,(n/2)—1 (in which case again Z;(p') = (p)). Now however
[p1=1{p,0p%....,0p" 2} and [ppl={wp,¢p°....0p" "}
each have n/2 elements (and accordingly Z;(pp’) = (¢p/, p™/?) has order 4). There-
fore in this case the Class Equation is:
2n=1+14+2+2+---+2+n/2+n/2.
N~ —
#Z(G) (n/2)—1 times
EXAMPLE 24.3 The conjugacy class of an element o € S, is determined by its “cycle
structure” as follows. We can write o as a product of disjoint cycles®?

.(1 . .(2) .(2 . (k) .(k .
(GRS 100 TGN SN 13) ST (R S N ()}

N i N Ry
where 1 <n; <ny<---<ngandn; +ny+---+n, =n. If o’ = to7~}, then 0’ has the

same cycle structure, with each iéj ) replaced by T(iéj )), and conversely any element with
the same cycle structure as o is in the conjugacy class of o. It follows that the conjugacy

62we view a 1-cycle as the identity, so for example (123) = (4)(123) in S, has k=2, n, =1, n, = 3.
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classes of S,, are in bijection with the set of partitions of n. For example if n = 5, then we
have the following conjugacy classes (counting the size of each with some elementary
combinatorics):

o [e]={e} (partition 1+1+1+1+1);
e [(12)] has 10 elements (partition 1+ 1+ 1+ 2);
e [(12)(34)] has 15 elements (partition 1+ 2 + 2);
e [(123)] has 20 elements (partition 1 + 1 + 3);
e [(12)(345)] has 20 elements (partition 2 + 3);
e [(1234)] has 30 elements (partition 1+ 4);
e [(12345)] has 24 elements (partition 5).
So the Class Equation for S is

120=1+10+15+ 20+ 20+ 30 + 24.
Theorem 24.1 has the following immediate consequence:
COROLLARY 24.4 Suppose that p is prime and G has order p" for some r > 1. Then
#7Z(G) > 1.

Proof. If g€ G and g & Z(G), then #[g] > 1, and #[g] =[G : Z;(g)] divides #G =p",
so #[g] = p°® for some s > 1. In particular #[g] is divisible by p, and therefore so is

#2(G) = #G — Y. #gl.
[gleC, #[g]>1 O

This in turn can be used to prove that groups of prime-power are order are solvable.
First we recall the definition of solvability, and some examples and properties.

DEFINITION 24.5 We say that a group G is solvable if there is a chain of subgroups
{e}=GycG,c---CcG1CG, =G

such that the following hold fori =1,...,n:
e G;_; isnormal in G;;
e G;/G;_; is abelian.

Note that any abelian group G is solvable: just take G; = G.
EXAMPLE 24.6 The group S, is solvable. Indeed consider the chain of subgroups
{€}=GOCG1 CG2CG3=S4,

where G; = {e,(12)(34),(13)(24),(14)(23)} and G, = A;. We then have that [S, :
A4l =2,50A,<S, and S,/A4 has order 2, hence is abelian; G; <A, (in fact G; IS,)
and #(G,/A4) = 3 is prime, so G /A, is cyclic, hence abelian; finally {e} <G; and G, /{e}
is isomorphic to G;, which is abelian.

PROPOSITION 24.7 Suppose that G is a group and H is a subgroup of G. If G is solvable,
then so is H. Furthermore if H is normal in G, then
G is solvable < H and G/H are both solvable.
Proof. Suppose that G is solvable, so there is a chain of subgroups
{e}=GycG,c---CcG,_,CG, =G
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such that each G;_; < G; and G;/G;_; is abelian. Letting H; = HN G, fori =0,...,n
gives a chain of subgroups

{e}=HycH,c---CcH,_;CH,=H.
Fori=1,...,n, we have that H;_; is the kernel of the composite homomorphism H; —

G; — G;/G;_1, so H;_; < H; and H;/H;_; is isomorphic to a subgroup of the abelian
group G;/G;_;, hence is abelian. Therefore H is solvable.

Suppose now that H is normal in G, let G = G/H, and write g = gH € G for g € G.
If G is solvable, then we have already seen that H is solvable. Considering the same
chain of subgroups of G as above, let G; = {g | g¢ € G; } be the image of G; under the
homomorphism to G defined by g — g. This gives a chain of subgroups

{¢}=G,cG,c--cG,,<G, =G,
— — -1 @ —
and each G;_; is normal in G; since if g € G;_; and k € G;, then kgk =kgk-1eG,_;

as kgk™ € G;_; by normality of G,_; within G;. Furthermore since G;_; is contained in
the kernel of the composite of surjective homomorphisms

Gi— G;— G;/Gi_y,
there is a well-defined surjective homomorphism G;/G;_; — G;/G;_;, and since G;/G;_;
is abelian, it follows that so is G;/G;_;. This proves that G is solvable.
Finally, continue to assume that H is normal in G, but now that H and G = G/H are

solvable. We thus have a chain of subgroups

{e}=HycH,c---CcH,_yCH,=H
such that each H;_; < H; and H;/H;_; is abelian, and similarly a chain

{e}=GycG,c---cG,1CG,=G
such that each Ej_l < Ej and Ej/@j_l is abelian. We then let G; = {g €G|g € E]- } to
get a chain of subgroups

H=G0CG1C"'CGH_1CGH=G
such that each G;_; <4 G; and G;/G;_4 - Ej /Ej_l is abelian. Therefore the chain
{e}=HycH,Cc---CH,=G,CcG,C---CG,=G

shows that G is solvable. O
EXAMPLE 24.8 If n > 5, then S, is not solvable. Indeed S,, has a subgroup isomorphic
to Ss, and hence a subgroup isomorphic to As. So if S,, were solvable, then it would

follow from Proposition 24.7 that A5 were solvable, contradicting the conclusion of Ex-
ample 4.43.

PROPOSITION 24.9 Suppose that p is prime and G has order p" for some r = 0. Then G is
solvable.

Proof. We prove the proposition by induction on r. If r = 0, then G = {e} is clearly
solvable.

Suppose now that r > 1, and every group of order p* for s < r is solvable. By
Corollary 24.4, #Z(G) > 1, and since #Z(G) divides #G = p", we have #Z(G) = p*
with 1 < t < r. Note that it follows from the definition of Z(G) that Z(G) is abelian
and Z(G) < G. Furthermore #(G/Z(G)) = p°®, where s = r —t < r, so the induction
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hypothesis implies that G/Z(G) is solvable. Since Z(G) and G/Z(G) are both solvable,
Proposition 24.7 implies that G is solvable. 0

25 Group actions on topological spaces

We will now focus on the setting where C = Top, the category of topological spaces.
We first review some basic notions from topology.

DEFINITION 25.1 A topological space is a set X, together with a subset/ C { subsets of X }
such that

@ 0,Xx €U;
(i) if V,V/ €U, then V NV’ €U;
(i) if A C U, then | J,, V €U.

The set U is called a topology on X, and the elements of U/ are called the open subsets of
X. We say a subset E C X is closed if its complement in X is open.

Expressed in terms of open subsets, (i) says that ) and X are open, (ii) says that
open subsets are stable under taking finite intersections, and (iii) says that they are
stable under taking arbitrary unions.

EXAMPLE 25.2 Let X = R" and let U/ be the set of subsets of R" which are open in the
usual sense, i.e., a subset V of R" is open if it has the property that for every x € V, there
is € > 0 such that B(x,¢) C V, where

B(x,e)={yeR"||x—y| <&}

is the open ball of radius € around x.

Condition (i) is obviously satisfied. Condition (ii) is satisfied since if V and V' are
open and x € V N V’, then there are €,¢’ > 0 such that B(x,¢) C V and B(x,¢’) c V/,
so letting ¢” = min(e, ¢’), we have B(x,¢”) c VN V’. Finally (iii) is satisfied since if
A c U and x € | JycV, then x € V' for some V' € A; since V' is open, we have
B(x,e) V' | Jyey V for some & > 0.

EXAMPLE 25.3 Let X be any set, and let &/ denote the set of all subsets of X. Then U
clearly satisfies (i)-(iii), so it defines a topology on X, called the discrete topology.

On the other hand, let /' = {#,X}. Then U’ also defines a topology on X, called the
indiscrete (or trivial) topology.

DEFINITION 25.4 If X is a topological space, and x € X, then an open subset of X con-
taining x is called a neighborhood of x (in X). We say that X is Hausdorff if every pair of
distinct points in X have disjoint neighborhoods in X; i.e., if x,y € X and x # y, then
there are open subsets U,V C X suchthat x e U, y € Vand UNV = 0.

For example, R" is Hausdorff, as is any set with the discrete topology, but X with the
indiscrete topology is not Hausdorff (if #X > 1).

Note that in Example 25.3, we had the same set X on which we defined two different
topologies (at least if #X > 1). These are therefore two different topological spaces, so
we should really use notation like (X,2) to distinguish it from (X, /") (just as we should
use (G, ) to denote a group). However the topology will usually be clear from the
context, so we omit it from the notation (just as we usually omit explicit reference to
the binary operation in the notation for a group).
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EXAMPLE 25.5 Suppose that (X,U) is a topological space and X’ is a subset of X. We
define the subspace topology on X’ to be U’ = {V NX'|V € U}. This satisfies (i) since
P=0nX" and X' =X NX’, (ii) since (VNX)N(V'NnX')=(VNV')NX’ and (iii) since
if A’ cU’, then A’ ={VNnX'|V €A} for some ACU, so

wvnx)=[Jwnx)= ( U V) nx' el
Vnx’e A’ veAd veA

Therefore (X’,U’) is a topological space (but we would usually just refer to X’ as a

subspace of X, without explicit reference to I/ and U’). So for example the unit circle

St={xeR?*|lx|=1}={(x,y) eR?|x* +y* =1}
is a subspace of R2.

EXAMPLE 25.6 Suppose that (X,U) is a topological space, and that ~ is an equivalence
relation on the set X. Let X’ denote the set of equivalence classes in X (often denoted
X/ ~). Let m : X — X’ denote the function sending x to its equivalence class (sometimes
called the quotient map). We define the quotient topology on X’ by

U ={VvcX'|nm(V)elU}.

This is in fact a topology on X’ since (i) m~!(#) =@ and n~1(X") =X, so §,X’ € U’; (ii)
if V,v' eUt’, then 7~1(V) and n~!(V’) are open in X, and therefore so is 71 (VNV’') =
n Y (V)N n~Y(V’), implying that V NV’ € U’; (iii) if A c U, then 7~ 1(V) € U for every
V € A, which implies that 77 ({_yc 4 V) = Uyeq 71 (V) is also open in X, and hence
Uvea V €U’. The resulting topological space (X’,U’) is called the quotient space.

For example, let X = R, and let X’ = R/Z (the equivalence relation being x ~ y if

x —y € Z). Then the open subsets of R/Z are precisely those whose premiage in R is
open.

EXAMPLE 25.7 Suppose that (X;,4;) and (X,,U,) are topological spaces. We define the
product topology U on X; x X, as follows: if V C X x X’, then V is open if it is a union
of sets of the form V; x V,, where V; € U, and V, € Uy, i.e., if

v=|J mxw)

(V1,V)eA
for some A C U; x U,. Note that the set A can be infinite. Then (i) and (iii) are clearly
satisfied, and (ii) holds since if V = U(Vl,VZ)eA(Vl x V,) and V' = U(V{’VZ/EA,(V{ x V),
then

vav'= | wxv)),

(V) Ve A
where (V/",V,") € A” if V[’ = vy nV] and V,) = V, NV, for some (V;,V,) € A and
(v}, v)e A’

It might have been tempting to try to define I/ to consist of subsets of X; x X, of

the form V; x V;. This would satisfy (i) and (ii), but not (iii), so it would not define a
topology on X; x X,. On the other hand, it is not hard to see for example that if R is
given the usual topology (as in Example 25.2 with n = 1), then the product topology on
R? = R x R coincides with its usual topology (i.e., Example 25.2 again, with n = 2). The
point is that V € R? is open for the usual topology if it contains an open disk centered
at each point of V, and open for the product topology if it contains an open rectangle
centered at each point of V, and these two conditions are equivalent.

To define a category whose objects are topological spaces, we still need to define the
morphisms (and composition).
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25 Group actions on topological spaces

DEFINITION 25.8 Suppose that X and Y are topological spaces. We say that a function
f : X — Y is continuous if for every open subset V of Y, its preimage

M) ={xeX|f(x) eV}
is an open subset of X.

EXAMPLE 25.9 Recall the “traditional” notion®® of continuity for functions f : R™ — R™:
for every x € R™ and & > 0, there exists £ > 0 such that if X’ € R™ and |x' —x| < ¢, then
Ifx)—f)I <35, ie,

B(x,¢) € f 1 (B(f (%), ).

Suppose f is continuous in the traditional sense, and V is an open subset of R". If
x € f71(V), then f(x) € V, and since V is open, we have B(f (x),5) C V for some & > 0.
So there exists € > 0 such that

B(x,¢) € fTH(B(f (%),8)) ¢ FH(V),

and therefore f (V) is an open subset of R™. This proves that f is continuous in the
sense of Definition 25.8.

Conversely suppose f is continuous in the sense of Definition 25.8, and let x € R™
and § > 0. Then V = B(f(x),5) is an open subset of R", and therefore f~1(V) is an
open subset of R™. Since x € f~!(V), we must have B(x, ¢) for some &£ > 0. Therefore
f is continuous in the traditional sense.

EXAMPLE 25.10 If X is any set with the discrete topology and Y is any topological space,
then every function f : X — Y is continuous. (Every subset of X is open, so f (V) will
be open for every subset V of Y.)

Similary if X is any topological space and Y is any set with the indiscrete topology,
then every function f : X — Y is continuous (since f ~}(#) =@ and f~}(Y) = X are open
subsets of X).

EXAMPLE 25.11 If X is any topological space, and X’ C X is given the subspace topology,
then the inclusion i : X’ < X is continuous. (This is immediate from definition of the
subspace topology.)

EXAMPLE 25.12 Suppose that X is a topological space, ~ is an equivalence relation on
X, and the set of equivalence classes X’ = X/ ~ is given the quotient topology (see
Example 25.6). Then the quotient map 7 : X — X’ (sending x to its equivalence class)
is continuous (immediately from the definition of the quotient topology).

EXAMPLE 25.13 Suppose that X, Y and Z are topological spaces and f : X — Y and
g : Y — Z are continuous functions. Then go f: X — Z is continuous: if V is an open
subset of Z, then g~1(V) is an open subset of Y, and therefore f~*(g~!(V)) is an open
subset of X, but note that

i Cau(D))

{xeX|f(x)eg™(V)}
{xeX|g(f(x)eV}=(gof)7'(V).

DEFINITION 25.14 We define Top to be the category whose objects are topological spaces,
morphisms are continuous functions (i.e., if X and Y are topological spaces, then Hom,,(X,Y)
is the set of continuous functions f : X — Y), and composition is the usual composition

of functions.

631 was going to call this the “usual” notion of continuity, but it would be better to start thinking of
Definition 25.8 as the usual notion.
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25 Group actions on topological spaces

We have already noted in Example 25.13 that composites of continuous functions
are continuous. Since (i) obviously holds and composition of functions is associative,
the only remaining thing to note is that the identity function on any topological space
is continuous, so Top is indeed a category.

DEFINITION 25.15 An isomorphism in the category of topological spaces is called a
homeomorphism. Thus if X and Y are topological spaces, then a continuous function
f :X — Y is a homeomorphism if it has a continous inverse function g : Y — X. In this
case we say X and Y are homeomorphic.

EXAMPLE 25.16 Consider the complex plane C with its usually topology, i.e., V' is open
if for each z € V, it contains an open disk of the form B(z,¢) = {w e C||lz—w| < ¢}
for some ¢ > 0. Then the function f : R> — C defined by f(x,y) = x +iy is a
homeomorphism, so C is homeomorphic to R2.

EXAMPLE 25.17 Let X be the open interval { x € R||x| < 1} (with the subspace topology
as a subset of R). The function f : X — R defined by f (x) = tan(7x) is continuous, and
so is its inverse function g : R — X defined by g(y) = n ' tan"!(x). Therefore f is a
homeomorphism, and X is homeomorphic to R.

Note that if f: X — Y is a homeomorphism, then it has an inverse function, so it is
bijective, but not every bijective continuous map is a homeomorphism.

EXAMPLE 25.18 Let X be any set with the discrete topology, and let Y denote the same
set as X, but with the indiscrete topology (see Example 25.3). Then the identity function
f :X — Y (defined by f(x) = x) is continuous, and obviously bijective, but its inverse
function g : Y — X (also the identity function) is not continuous (assuming #X > 1):
Indeed suppose that V is any subset of X other than @) or X; then V is an open subset of
X, but g7}(V) =V is not an open subset of Y. Therefore f is not a homeomorphism.

Suppose that f : X — Y is bijective, and let g : Y — X be its inverse map. For g to
be continuous means that g~!(V) is open for every open subset V of X, but note that
g 1(V) = f(V). Therefore g is continuous if and only if f has the property that it sends
open sets to open sets.

DEFINITION 25.19 Suppose that f : X — Y is a function, where X and Y are topological
spaces. We say that f is an open map (or just open) if for every open subset V of X, f (V)
is an open subset of Y.

Therefore if f : X — Y is bijective, then it is a homeomorphism if and only if it is
both continuous and open, or equivalently if it has the property that V is an open subset
of X if and only if f (V) is an open subset of Y.

EXAMPLE 25.20 For another example of a continuous bijection whose inverse isn’t con-
tinuous, let X = [0,1) = {x € R|0 < x < 1} as a subspace of R, and let Y = §! =
{(x,y) € R?|x%+ y? =1} as a subspace of R?. Then the function
f:r X - Y
x — (cos(2mx),sin(27mx))
is continuous and bijective, but it is not open: let V = [0,1/2). Then V is an open

subset of X (for example since V = (—1/2,1/2) N X), but f(V) is not open in S' since
x = (1,0) = f(0) € f(V), but there is no neighborhood of x in S contained in f (V).

Recall from Definition 5.17 that an action of a group G on a topological space X is a
homomorphism ¢ : G — Aut,,(X), where Auty,,(X) is the group of homeomorphisms
f :X — X (see Definition 5.9 and Proposition 5.10). Since Autr,,(X) is a subgroup of
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25 Group actions on topological spaces

Autgs(X) = Sy, we have an action of G on the set X, with the further property that
for every g € G, the function ¢, : X — X is a homeomorphism (writing just ¢, for
¢(g)). Note that it is sufficient that ¢, be continuous for every g € G, since this implies
¢, = g is also continuous.

EXAMPLE 25.21 The group Z acts on the topological space R by translation: for n € Z,
define ¢, = ¢(n) : R - R by ¢,(x) =n+x for all n € Z and x € R. (Note that
Yo = idg, Ym © Pn = Pmen for all m,n € Z, and each ¢, is continuous.) In fact R
similarly acts on R by translation. Note that viewing the resulting action of R on R as a
function R x R — R, the function is simply the addition operation. In fact this makes R
a topological group (a notion defined and discussed further in the exercises).

EXAMPLE 25.22 The group R* acts via scalar multiplication on R" (as a topological
space): for r € R*, define ¢, : R" = R" by ¢,.(x) = rx (so ¢; = idgs, ¢, 0 ¢, = @, for
all r,s € R*, and each ¢, is continuous).

EXAMPLE 25.23 There is an action of the group S, = {e, o} on R? defined by ¢, (x,y) =
(y,x) for (x,y) € R2.
More generally define an action of S,, on R" (as a topological space) by the formula

Po(x1,Xg .0, X0) = (Xg-1(1), Xo-1(2)5 - - > X1 () )-
Then ¢, = idgs, ¢, is continuous, and ¢, = ¢, © @, since
0olpr(x1,x5...,x,)) = ‘Po(xr—lu),xr—l(z),---,Xr—l(n))
= Yo1(1) Yo1(2)s - - > Yol(n))>
where (1, 2,5 Yn) = (Xz-101), Xz-1(2)s - - - » Xp-1(n)); 1-€1, ¥i = Xg-1(3), SO
Polpr (X1, x2..,%,)) = (Xem1(o-1(1)) Xo1(0-1(2))> - - -» X2-1(0-1(n))

= (o100 Xer)y 1@+ X (o) ()
= Qpar(xlﬂ X9 eees xn)-
EXAMPLE 25.24 Consider the complex upper half-plane X = {x+iy € C|x,y €R,y >

0} and view X as a subspace of C with its usual topology (see Example 25.16). Then
there is an action of SL,(R) on defined by

( a b ) . az+b
c d Ccz+d
(It is left as an exercise to show that this defines an action.) Then each 0, X > X is

a continuous function (and in fact holomorphic). So this is in fact defines an action of
SL,(R) on the topological space X.

Recall that if G acts on a set X, then X is partitioned into its orbits under the action
(Lemma 4.14). We may thus view the orbits as equivalence classes under the equivalence
relation defined by x ~ y if y = g-x for some g € G. The set of orbits is often denoted®*
G\X, ie.,

G\ X={G-x|xeX}.

Suppose now that X is a topological space with an action of G, let X’ = G\X be the
set of orbits, and let 7t : X — X’ denote the quotient map (sending x to its orbit G - x).
Recall from Example 25.6 that we can endow X’ with the quotient topology: V C X’ is

64Note that this is consistent with the usual notation for right cosets: if H is a subgroup of G, then H
acts on G by left-multiplication, the orbits are the cosets Hg, and the set of such is H\G. On the other hand
this notation is clearly sometimes bad, for example we wouldn’t want to write G\G for the set of conjugacy
classes in G (i.e., orbits of G under the conjugation action by G).
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25 Group actions on topological spaces

open if and only if 7~!(V) is open. We can thus view X’ = G\X (read as “X mod G”) as
a topological space, called the quotient space of X by the action of G.

EXAMPLE 25.25 Consider the action of Z on R by translation (Example 25.21). The
quotient space Z\R is precisely the one already considered at the end of Example 25.6
(there written as R/Z).

We claim that in fact Z\R is homeomorphic to unit circle S! (viewed as a topological
space as in Example 25.5). For r € R, let [r] denote the orbit of r under the action of Z
(so [r] =Z +r).%° Note that the function

f: Z\R — st
[r] +— (cos(2mr),sin(27r))
is well-defined (i.e., independent of the choice of r in [r]). It is continuous since if V is
an open subset of S!, then f (V) is open (since 71 (f ~}(V)) = h~'(V) is open, where
h=fomn:R— S!isdefined by x — (cos(2mr),sin(27r))). It is also clearly bijective.
There are several ways to see that the inverse function g : S — Z/R is continuous. For
example, we can write S as a union of open sets, say

Up={(x,y)€S8'[x>0}, Uy={(x,y)eS"'y>0},

Us={(x,y) €8x <0}, Uy={(x,y)eS"|y <0},
such that the restriction of g to each U; is continous. (Letting g; denote the restriction,
this shows that if V is an open subset of Z\R, then g7'(V) = U?:l gl._l(V) is open in
S'. To see for example that g, is continuous, write it as the composite of functions
U, —» R 5 Z\R, where the first map is (x, y) — (sin"! y)/27.)

Recall that quotient maps X — X’ = X/ ~ are always continuous (Example 3.8).
However they are not always open®® (as in Definition 25.19). On the other hand if the
equivalence classes are orbits under a group action, then the quotient map is in fact
open:

LEMMA 25.26 Suppose that the group G acts on the topological space X, and let X' = G\X
be the quotient space. Then the quotient map 7 : X — X’ is open.

Proof. Let V be an open subset of X. We must prove that 7(V) is open, which (by the
definition of the quotient topology) means that 7~ *(7(V)) is open. But
xen Y (n(V)) & n(x)en(V) & n(x)=n(y) for some y €V,
and 7(x) = n(y) if and only if x = g - y = p,(y) for some g € G, so it follows that
(V) = [ ¢ (V).
gea

Since each ¢, : X — X is a homeomorphism, we have that each ¢,(V) is open, and
hence so is their union. O

The lemma implies for example that the function h : R — S' in Example 25.25 is an
open map (being the composite of T with a homeomorphism).

In the preceding example we also saw a particular case of the following lemma,
whose proof we leave as an exercise:

650ur usual notation for the orbit would be Z - r, but this gets confusing if the group operation is
addition

66kor example let X = R, and define the equivalence relation so the equivalence classes are {1} and

{x} if x & {£1}.
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26 Group actions on graphs

LEMMA 25.27 Suppose that the group G acts on the topological space X, let X' = G\X be
the quotient space, and 7 : X — X' the quotient map. Let Y be a topological space, and
f : X’ > Y afunction. Then f is continuous if and only if f o 7 is continuous.

EXAMPLE 25.28 Consider the example of S, acting on R? as in Example 25.23. We'll
show that the quotient space S,\R? is homeomorphic to the half-plane

Y={(x,y)eR*|x>y}

(with its topology as a subspace of R?). Firstly we have the function f : ¥ — S,\R?
defined by f (x,y) = [(x, y)] (again using [(x, y)] to denote the orbit of (x, y)), clearly
continuous since it’s the composite of the inclusion ¥ — R? with the quotient map
R? — S,\R2. On the other hand we have the function

g: S)\R* — Y
[(x,y)] — (max(x,y), min(x,y)),

easily seen to be well-defined. Note that f og is the identity on S, \R? since [(max(x, y), min(x, y))] =
[(x,y)], and g o f is the identity on Y since if (x,y) € Y, then x = max(x,y) and

y = min(x, y). Finally by the lemma, the continuity of g is equivalent to that of T o g,

which is continuous since (x, y) — max(x, y) and (x, y) — min(x, y) are. (How does

this description generalize to S, \R"?)

EXAMPLE 25.29 Consider the action of R* on R as in Example 25.22, with n = 1. There
are just two orbits: [0] = {0} and [1] = R*. The open subsets of the quotient space
X" ={[0],[1]} are precisely @, {[1]} and {[0],[1]}, but not {[0]}. Therefore X’ is not
Hausdorff: there are no disjoint neighborhoods of [0] and [1].

In fact if n > 1, then the quotient R*\R" is not Hausdorff. Note that {0} = R* -0 is
again an orbit. Suppose that V is a neighborhood of [0]. Then 7~(V) is a neighborhood
of 0in R", so B(0,¢) € w (V) for some ¢ > 0. But every point in x € R" is in the same
orbit as an element of B(0, ¢), since x = r(r~'x) and |r'x| < ¢ if r > £~ !|x|. This proves
that (B(0, ¢)) = R*\R", so in fact V must be the whole quotient space, so it cannot be
disjoint from a neighbourhood of any other point.

EXAMPLE 25.30 Instead of R*\R" as in preceding example, let X = R"™! \ {0} and
consider R*\X. The resulting quotient space is called n-dimensional (real) projective
space and usually denoted P"(R); it is Hausdorff (and in fact a manifold), as shown in
the exercises.

26 Group actions on graphs

Note that within directed graphs (Definition 17.10, both that V and E can be infinite:

EXAMPLE 26.1 Let V = Z and let E denote the set of closed intervals of the form I,, =
[n—1,n]={x €R|n—1< x < n} for n € Z. Define t by t(I,) = (n— 1,n), so the
resulting graph is represented by the diagram

To define a (non-directed) graph, we want to forget the order of the endpoints of
each edge, so we view the “endpoint” function as taking values in (V x V)/ ~, where
(u,v) ~ (v,u) (and (u,v) ~ (u,v)). Note that (V x V)/~ = S,\(V x V) where the action
of S, ={e,0} on V x V is defined by o(u,v) = (v,u) (and e(u,v) = (u, v)).

DEFINITION 26.2 A graph T is a disjoint pair of sets V and E and a function t : E —
(V x V)/ ~ (the endpoint function).
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26 Group actions on graphs

For u,v € V, denote the equivalence class of (u, v) by [u, v]. Note that every directed
graph T = (V, E, f) determines a graph I' = (V, E, t), where we let t(e) = [ty(e), t;(e)],
i.e., t is the composite

-

E -5 VxV — (VxV)/~
(u,v) = [u,v].

EXAMPLE 26.3 The diagram at the start of the describes the graph associated to the
directed graph in Example ??. So V and E are the same, and t is defined by
a=[uu], b=[uv], c=[v,x], d=[v,w], e—[x,w].

EXAMPLE 26.4 The graph associated to the directed graph in Example 26.1 is (omitting
the labels) described by

A subgraph of a graph is given by subsets of vertices and edges with the same end-
point function; more precisely:
DEFINITION 26.5 If T = (V,E,t) is a graph, then I" = (V/,E’,t') is a subgraph of T if
V' c V, E' C E and t’'(e) = t(e) for all e. € E’ (viewing (V' x V)/ ~ as a subset of
(V xV)/ ~.
EXAMPLE 26.6 Let I be the graph in Example 26.3. Let V' = {u,v,w}, E’ = {a, b}, and
define t' by a — [u,u], b — [u,v]. Then I" = (V/,E’, t’) is the subgraph of T pictured
by the solid vertices and edges:

D—.c_-&

A morphism of graphs is given by functions on their vertices and edges which are
compatible with endpoints; more precisely:

DEFINITION 26.7 If T = (V,E,t) and I" = (V/,E’, t’) are graphs, then a morphism from
IV to T is a pair of functions a : V' — V, 8 : E' — E such that t o 3 = a o t/, where
a: (V' xV) ~— (VxV)/ ~ is defined by [v/,w'] — [a(v'),a(w)]. We say the
morphism is injective if @ and 8 are both injective.

(Note that @ is indeed well-defined, i.e., if [v], w] ] = [vy, w,,], then [a(v]), a(w])] =

[a(vy), a(w))])

EXAMPLE 26.8 If IV = (V/,E’, t") is a subgraph of ' = (V, E, t), then the inclusions V' <
V and E’ — E define an injective morphism from I'" to T.

EXAMPLE 26.9 Let I' be the graph in Example 26.4. Then there is a morphism from I' to
the graph denoted I in Example 26.6 defined by

(n) = u, ifn=0,2mod3; (1) = a, ifn=0mod3;
)= v, ifn=1mod3; p,) = b, ifn=1,2mod 3.

We leave it as an exercise to show that composites of morphisms are morphisms,
and hence that graphs from a category, which we denote by Graphs. Therefore there
are notions of isomorphisms, automorphisms, and group actions, which we return to

later. As usual we will write T -5 I to denote an element v = (a, ) € Homgapns(T, T7).
There are similar notions of subgraphs, morphisms, etc for directed graphs, but we
will focus mainly on (directionless) graphs. Here are some more examples (of both):
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EXAMPLE 26.10 For n > 0, define 1_5,1 to be the directed graph with V = {ug,uy,...,u, },
E={d,,...,d,} and t(d;) = (u;—1,u;):

Ug Uy Up—1 Up
dl d2 dn—l dn

We let P, denote the associated graph. Note that P, is a subgraph of P, ;.

EXAMPLE 26.11 Forn > 1, define C, to be the directed graph with V = {ug, uy,...,u,_1 },
E={dy,...,d,}, t(d;)) = (uj_q,u;) fori=1,...,n—1 and t(d,) = (u,—1,Up):

dy
Ugﬁ U “‘_ﬁgfl
dy dy dny

Alternatively, view the set of vertices as {u; |i € Z/nZ}, edges as {d;lf € Z/nZ}, and
define t by d; — (u=,u;). Again let C, denote the associated graph. Note that there is

a morphism P, — C, defined by a(u;) = u; and (d;) = d;.

EXAMPLE 26.12 We may define infinite versions of the graphs in Examples 26.10 and 26.11.
Let B, denote the directed graph with V = {u;|i € Z,i > 0}, E = {d;|i € Z,i > 1},
and t(d;) = (w1, ):

ug uy Ui u;

d dy diog  di din
Similarly let C,, denote the directed graph with V ={u;|i€Z}, E={d;|i € Z}, and
t(d;) = (u;_1,u;). Again let P,, and C, denote the associated graphs. Note that P, is
a subgraph of C,, and C, is isomorphic to the graph in Example 26.4 via u; — i and
di —> Ii'

DEFINITION 26.13 If T is a graph, then a path of length n in T is a morphism P, Lr.

Note that to give a path y = (a, ) of length n in T = (V, E, t) is equivalent to giving
the sequences of vertices (v, ..., v,,) and edges (eq,...,e,), where v; = a(u;) € V and
e; = B(d;) € E; for a and B to define a morphism P, — I', we need that t(e;) = (v;_1,V;)
fori=1,...,n. We call y a path from v, to v,,.

EXAMPLE 26.14 Let I' be the graph in Example 26.3. Then there is a path of length 2
from u to w in T, given by the sequences of vertices (u,v,w) and edges (b,d). There
is also a path of length 3 from u to w given by the sequences (u,v,x,w) and (b,c,e),
and another path of length 3 given by (u,u,v,w) and (a, b, d). The following sequences
define paths of length 4 from u to w:

o (u3 v’ u’ v} W) and (bﬁ b) b’d);
° (u’ V)W) VJW) and (de)de);
e (u,u,v,x,w) and (a, b, c,e).

EXAMPLE 26.15 The morphism P, — C, defined in Example 26.11 is a path of length n
from ug to ug.

Let P, L Ibea path, with associated vertices (vy,...,V,) and edges (ey,...,e,).
Note that y is injective if and only if the sequence of vertices vy, vq,...,V, are distinct
(as this implies the edges e, ..., e, are also distinct, and hence the functions a and f3
are injective). So in Example 26.14, the first two paths are injective, and the rest are
not.
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DEFINITION 26.16 We say a path (with associated vertices (v, ..., v,) and edges (e, ...,e,))
is reduced if e; #e;.; fori=1,...,n—1.

Note that an injective path is necessarily reduced, but a reduced path need not be
injective (for example, the path in Example 26.15). Which of the paths in Example 26.14
are reduced?

DEFINITION 26.17 We say that a graph T' = (V,E, t) is connected if for every pair of
vertices v,w € V, there is a path from v to w (or equivalently, an injective path from v
to w).

For example, the graph I' in Example 26.3 is connected, but its subgraph I in Ex-
ample 26.6 is not. The graphs P,, C,,, P, and C, are all connected.
DEFINITION 26.18 If T is a graph, then a circuit of length n in T is an injective morphism

C, 5.

Note that to give a circuit of length nin ' = (V, E, t) is equivalent to giving a sequence
of vertices (vy,...,v,) and edges (eq,...,e,) (with each v; € V, ¢; € E) such that

® Vg, Vq,...,V,_; are distinct. and v,, = v;;
® ¢y,e,,...,6, are distinct;
o t(e;)=[vi_q,vi]fori=1,...,n.

EXAMPLE 26.19 Let T be the graph in Example 26.3. There is a circuit of length 3 in T’
with associated vertices (x, v,w, x) and edges (c,d, e). There is also a circuit of length 1
with vertices (u,u) and edge (a).

EXAMPLE 26.20 Suppose that I' = (V, E, t) is any graph, e € E is any edge, and t(e) =
[v,w]. The morphism C, — T with associated vertices (v,w,v) and edges (e, e) is not a
circuit; even though the vertices v, w may be distinct, the edges e, e are not.

DEFINITION 26.21 A graph is a tree if it is non-empty, connected and has no circuits.

EXAMPLE 26.22 The graphs P, (for any n > 0), P, and C, are trees, but the graph C,
(for any n > 1) is not (since the identity is a circuit of length n).

EXAMPLE 26.23 The graph I' in Example 26.3 is not a tree since it has circuits (described
in Example 26.19.

EXAMPLE 26.24 The graph I' = (V,E, t) with V = {vy,v1,...,v, }, E ={ey,...,e, } and
t(e;) =[vg,v;]fori=1,...,nis a tree:

V1 V2 Vn—1 Vn

Let us now return to the notion of group actions on trees. Recall that an action of a
group G on a tree I' = (V, E, t) is a homomorphism G — Autg,pns(I'). This means that

there are morphisms T i T for g € G such that®” $e, = 1dr and @, = @4 0y for all
g,h € G. Recall that each g, is a pair of functions a, : V — V, 8, : E — E, compatible
with endpoints in the sense that tof3, = a,0t (where a, is as in Definition 26.7). For the
¢ to define an action therefore means that a,, = idy, 8, = idg, and ag, = a,oa; and

67writing e for the identity in G to distinguish it from edges e € E
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Bgn = Bg © Py, for all g,h € G. In other words, to give an action of G on I' is equivalent
to giving actions of G on V and on E which preserve endpoints in the sense if g € G,
e€Eand t(e)=[v,w],thent(g-e)=[g-v,g w].
ExXAMPLE 26.25 The group S, acts on the graph I' in Example 26.24 via o - vy = vy,
OV =V and 0 -e; = ey(;) for o € S, and i = 1,...,n. Recall that ¢ is defined by
e; — (vo, ), s0

t(o-e;) =tlesy) = Vo, oyl =[o - vp,0 - ;]
as required.
EXAMPLE 26.26 The group Z/nZ acts on the graph C, via [a]-uj;; = ajq447and [a]-d[;) =
diq+i) for [a],[i] € Z/nZ. We leave it as an exercise to show that in fact D,, acts on C,,.

EXAMPLE 26.27 Similarly Z acts on C, Via a-u; =u,,; and a-d; =d,,; for a,i € Z.

Given a group, we will now define certain graphs on which the group acts.

DEFINITION 26.28 If G is a group and S is a subset of G, then the Cayley graph of G
relative to S is the graph I'(G,S) with vertices V = G, edges E = G x S, and endpoints
defined by t(g,s) = [g,gs] for all g € G, s € S. Similary the directed Cayley graph
(of G relative to S) is the directed graph I'(G,S) defined by V = G, E = G x S and
t(g,s) = (g, 8s)

EXAMPLE 26.29 Let G = S; and S = {0 7}, where 0 = (12) and 7 = (123), so G =

{e,7,72,0,70,7%20 }. The 6 vertices of I'(G, S) are labelled by elements g € G, and the
12 edges by pairs (g,s) € G x S. Since o7 = 120, the directed Cayley graph I'(G, S) is

(v%,7)

The Cayley graph I'(G,S) is then the associated (directionless) graph. Note that since
02 = e, there are two edges with endpoints [g, go] for each g € G, namely (g, o) and
(g0,0).

EXAMPLE 26.30 Let G = Z/nZ and let S = {1}. Then there are n vertices, i, and n
edges, (i,1), where i € Z/nZ. Since the endpoints of (i —1,1) are i — 1 and i, there is
an isomorphism C, — I'(G, S) defined by u; — i and d; — (i—1,1) (with notation as in
Example 26.11).

EXAMPLE 26.31 Similarly to the preceding example, I'(Z, {1}) is isomorphic to C,. On
the other hand I'(Z, {2}) is

(—2,2) o (0,2) 9 (2,2)

’\_.2/\/—\./\
32 12 ' a2 °

Note that the Cayley graphs in Examples 26.29 and 26.30 were connected, but
['(Z,{2}) in Example 26.31 was not. These are examples of the following, whose proof
we leave as an exercise:
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26 Group actions on graphs

PROPOSITION 26.32 Let G be a group and S C G. Then the Cayley graph T'(G,S) is con-
nected if and only if G = (S).

For any subset S of a group G, there is an action of G on I'(G, S) defined by:
e g-h=ghforgeG,heV =gG;
o g-(h,s)=(gh,s)forgeG, (h,s)€eE=GxS.

We leave it as an exercise to show that this does indeed define an action of G on I'(G, S).
Furthermore the action is free, in a sense®® to be defined below. First we define what it
means for a group action on a set to be free.

DEFINITION 26.33 Suppose that a group G acts on a set X. We say that the action is free
(or that G acts freely on X), if G, = {e;} for all x € X (where G, is the stabiliser of x).

For example, the action of G on G by left multiplication (Example 4.9) is free. On the
other hand, the action of G on itself by conjugation (Example 4.11) is not free (unless
G = {eg}) since G,, =G.

DEFINITION 26.34 Suppose that a group G acts on a graph I' = (V, E, t). We say that the
action is free (or that G acts freely on I') if the resulting actions on V and E are both free.

EXAMPLE 26.35 Consider the action of S, = {e, o'} on P, defined by o(uy) = uy, o(uy) =
u; and o(d;) = d;. Then S, acts freely on V but not on E, so the action is not free.
Similarly an action can fail to be free because the action on vertices isn’t, even if the
action on edges; take for example the action of S, on C; defined by:

o(ug) =uy, o(uy) =uy, o(uy) =uy, o(dy) =d,, o(dy) =d;.
EXAMPLE 26.36 The action of G on its Cayley graph I'(G, S) (for any S C G) is free, since
if g-h=nhthen g =e;, and if g - (h,s) = (h,s), then gh = h, so again g = e;.

One application in group theory of actions on graphs stems from the following fact.
Recall if S is a set, then Fs denotes the free group on S, and we view S as a subset of Fg
by identifying s € S with the reduced word (s*) € F.

PROPOSITION 26.37 If S is any set, then the Cayley graph T'(Fs,S) is a tree.
Proof. Firstly I'(Fs, S) is non-empty since ey, € V = Fj.

Secondly, since Fg is generated by S (for example by Lemma 6.14 with f = idy), it
follows from Proposition 26.32 that I'(Fg, S) is connected.

It remains to prove that I'(Fg, S) has no circuits. Suppose then that C, LA ['(Fs,S) is
a circuit of length n. Let (g, £1,---,&,) and (e, ..., e,) be the corresponding sequences
of vertices and edges, so g, ..., g,—; are distinct elements of Fg, g, = g0, and the e; (for
i=1,...,n) are distinct edges (h;,s;) € Fs x S such that

t(hi,s)) =[hi, his;] =[gi—1, 8-

The last condition means that either g;_; = h; and g; = h;s;, or g; = h; and g;_; =
h;s;. Therefore g; = gi_ls * for some €; = 1. It follows by induction on i that g; =
gotity - t; fori=1,...,n, where t; —s.l. In particular

80 = &n = 8ot1ty- -ty

68This use of “free” is not directly related to its meaning when describing a group as being free.
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26 Group actions on graphs

and therefore ey, = tity---t,. Since distinct reduced words are distinct elements of
Fs (by definition), it follows that (¢4, t,,...,t,) is not a reduced word, i.e., n > 2, and
t; = tl.__l1 for some i € {2,...,n}. This implies that t;_;t; = ep,, and therefore g; =
gioti_1t; = gi_». This contradicts the injectivity of the circuit y, unless n =i = 2.
However in this case, we either have e; = (gg,5;) = ey (if e, = 1 and €5 = —1) or
e; =(g1,51) = e, (if €, =—1 and €, = 1), again contradicting the injectivity of y.

0

EXAMPLE 26.38 Recall that if #S = 1, then Fg is isomorphic to Z, with the element of
S corresponding to 1. It follows that the graph I'(Fs,S) is isomorphic to I'(Z, {1}), and
hence to C,, which is a tree.

EXAMPLE 26.39 If S = {x, y}, then the part of the Cayley graph I'(Fs, S) near the vertex
xy is pictured below, with horizontal edges corresponding to ones of the form (g, x)
and vertical ones (g, y).

XY1

l |

The entire graph extends infinitely in each direction, and looks like this near every ver-
tex, perhaps best visualized as a fractal.

DEFINITION 26.40 We say a group G is free if G is isomorphic to Fg for some set S.

If f : Fg — G is an isomorphism, then the Cayley graphs I'(Fg,S) and T'(G, f(S))
are isomorphic, so by Proposition 26.37, T'(G, f(S)) is a tree. Since G acts freely on
I'(G, f(S)), we have the following consequence:

COROLLARY 26.41 If G is a free group, then G acts freely on a tree.

It turns out that the converse is also true:

THEOREM 26.42 If G acts freely on a tree, then G is free.

We won't give the proof, which is much harder. Note that the tree in the statement
is not assumed to be a Cayley graph of G; it can be any tree. As a result we obtain the
following consequence, called the Nielsen—Schreier Theorem:

COROLLARY 26.43 Every subgroup a free group is a free group.
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27 The Zariski topology

Proof. Since G is a free group, it has a subset S such that I'(G, S) is a tree. Since G acts
freely on I'(G, S), it follows that so does H. Theorem 26.42 therefore implies that H is
a free group.

O

27 The Zariski topology

We now describe a construction that underpins a useful perspective in common to
number theory and algebraic geometry.

Let R be a ring (commutative as usual). Define Spec(R) (called the spectrum of R)
to be the set of prime ideals of R. For each ideal I of R, we define

V(I)={PeSpec(R)|[ICcP}
to be the set of prime ideals containg I.

Note that by Proposition 15.15, we have that V(I) is non-empty, unless I = R. In
particular V({0g}) = Spec(R) is non-empty unless R = {Og}. Note also that if I c J, then
V() cv().

EXAMPLE 27.1 Recall that all ideals of Z have the form (n) = nZ, where n > 0, and that
(n) is a prime ideal if and only if n = 0 or n is a prime number (see Example 7.51), i.e.,

Spec(Z) = {(0)} u{(p)|p is prime }.
Therefore if n > 0, then V((n)) is the finite set
{(p)|p is a prime dividing n }
(empty if n = 1), whereas V((0)) = Spec(Z).
For any ring R,we define a topology on X = Spec(R) by designating the closed subsets

to be those of the form V(I). Thus the open subsets of X are the complements of such
subsets, i.e., U C X is open if there exists an ideal I C R such that

U=X~V()={PeX|I¢P}.
We claim that this indeed defines a topology (as in Definition 25.1):
LEMMA 27.2 Let R be a ring, let X = Spec(R), and let
U={X V() |Iisan ideal of R}.
M 0,.X el;

(i) if U, U €U, then UNU’' € U;

(i) if {Uy|a € A} is any subset of U, then | J,c 4 Uy €U.
Proof. We prove the equivalent statements about closed subsets:

(i) We have {0z} C P for every P € X, so V({0z}) = X, and therefore @ € U.
On the other hand R itself is not a prime ideal, so R ¢ P if P € X. Therefore
V(R)=0,and X €U.

(ii) Suppose that U =X\ V(I)and U’ =X \V(I’), where I and I’ are ideals of R.
We leave it as an exercise to show that

vy =vauva),
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27 The Zariski topology

where II’ is the ideal of R generated by {aa’|a € I,a’ € I'}. Therefore UnN
U'=x~\V(UI')el.

(iii) For each a € A, we have U, = X \ V(I,) for some ideal I, of R, and so
Uge U is the complement in X of (), 4 V(I,). Let J denote the ideal gen-
erated by | J,c 4I4- Thus if P € X, then J C P if and only if I, C P for all
ac A e, VI)=()ea Vo).

O

DEFINITION 27.3 If R is a ring, then the topology on Spec(R) defined above (i.e., with
the closed subsets of R being those of the form V(I) = { P € Spec(R)|I C P } where I is
an ideal of R) is called the Zariski topology.

EXAMPLE 27.4 If K is a field, then Spec(K) = {{Ox}} has just one element, and the open
subsets of Spec(K) are of course ) and Spec(K).

EXAMPLE 27.5 Suppose that R = K; x K,, where K; and K, are both fields. Then the
only ideals of R are {(Og_,0k,)}, R,

P]. =K1 X {OKZ} and P2:{OK1}XK2.
Only these last two are prime ideals, so Spec(R) = {P;, P,}. The four ideals I of R give

the four subsets of Spec(R) as closed subsets V(I), so Spec(R) has the discrete topology
(see Example 25.3).

EXAMPLE 27.6 Recall from Example 27.1 that SpecZ consists of the zero ideal and the
ideal pZ for each prime (number) p, and the only infinite closed subset of Spec(Z) is
the whole set Spec(Z) itself. On the other hand, for each finite subset

S c {pZ|p is a prime number },

we can let n be the product of the primes p such that pZ € S, and we see that S = V(I)
is a closed subset of Spec(Z). Therefore the closed subsets of Spec(Z) are:

e Spec(Z) itself;

o finite subsets S C Spec(Z) such that (0) ¢ S.
Note in particular that the only closed subset of Spec(Z) containing (0) is the whole space
Spec(Z). Therefore (0) is an element of every non-empty open subset U C Spec(Z). In

particular Spec(Z) is not Hausdorff (since for example there are no open subsets U and
U’ such that (0) € U, (2) € U/, and UNU’ = ).

EXAMPLE 27.7 Let R = C[X]. Then R is a PID, so its ideals have the form (f), where
either f = 0 or f is non-zero polynomial, which we can assume is monic (since (f) =
(af) for a € C*). Since every non-constant polymonial in C[X ] has roots, we may write
it in the form

=K -a))X—ay) - X —ay,)
where n = deg(f); furthermore (f) is a prime ideal if and only if n = 1 (or f = 0).
Therefore
Spec(R) ={(0)}U{(X —a)[aeC};
i.e., it contains the zero ideal and an element for each a € C. Exactly as in Example 27.6,
we find that the closed subsets are
e Spec(R) itself;
e finite subsets S C Spec(R) such that (0) &€ S.
Thus exactly as in the preceding example, we conclude that (0) is an element of every
non-empty open subset of Spec(R).
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27 The Zariski topology

EXAMPLE 27.8 Suppose now that R = C[X,Y] is the polynomial ring over C in two
variables. Since R is a domain, the ideal (0) is prime, and is therefore an element of
Spec(R).

Similarly to the preceding example, we also have an element of Spec(R) for each
(a, B) € C?; indeed one can show that the ideal

Pop=X—a,Y—p)

is prime, and in fact maximal since it is the kernel of the surjective homomorphism
¢qp - R = C defined by f — f(a,f). Conversely Hilbert’s Nullstellensatz (which
we will not prove) implies that every maximal ideal of R has the form P, g for some
(a, B) € C2.
In this case however there are other prime ideals besides (0) and those of the form

P, - For example (X) and (Y —X 2) are prime ideals. It turns out in this case that there
are three sorts of prime ideals:

* (0);

e (f), for irreducible f €R;

e Pyp,fora,peC.
We will not prove this, but just mention it to give more indication of the relation with
algebraic geometry. The closed subsets of Spec(R) are related to algebraic subsets of C2,
i.e., sets of solutions of systems of polynomial equations. For example if I is the ideal
(f) where f(X,Y)=XY —X3 = X(Y —X?2), then the closed subset V(I) consists of the
elements

e (X), (Y —X?) (since X are Y —X? are the irreducible factors of f), and
e P,p for a,p € C* such that f(a,B) = a(f —a®) =0 (ie., X(Y —X?) is an
element of P, g = ker(p, g)), or equivalently either a =0 or § = a2,
Thus the closed subset V(I) includes the maximal ideals of R corresponding to points

in the algebraic subset® of C? defined by the equation XY = X, along with the prime
ideals generated by the irreducible factors of XY —X3.

Let us return now to the general setting of a ring R. If s €R, then
V((s))={P <Spec(R)|seP}

is a closed subset of Spec(R), so that its complement, which we denote U, is open. Note
that if P is a prime ideal of R and s™ € P for some n > 0, then s € P. Furthermore
sO9=1, ¢ P, so
U = {PeSpec(R)|s¢P}
= {PeSpec(R)|s"¢&Pforalln=>0}
= {PeSpec(R)|PNS =0},

where S is the multiplicative subset {s"|n € Z,n > 0} of R. It therefore follows from
Corollary 15.7 that we have a bijection

Q~i Q)

Spec(Rg) U, C Spec(R)

-~
Pg P

(where i : R — Ry is the ring homomorphism defined by i(r) = r/1g).

91ts intersection with R? can be viewed as the union of the line X = 0 and the parabola Y = X2, but
we chose to work with polynomials over the algebraically closed field C in order to be able to give a more
concise description of Spec(R).
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27 The Zariski topology

This is in fact a homeomorphism between Spec(Rg) and the open subset U; of
Spec(R) (with its subspace topology, as defined in Example 25.5). We first remark
though that for any ring homomorphism f : R — T, one has a continuous function”’
f* : Spec(T) — Spec(R) defined by f*(Q) = f!(Q); we leave the proof as an exercise.
Thus if S is any multiplicative subset of R, we have the ring homomorphism i : R — Rg,
and hence the continuous map i* : Spec(Rg) — Spec(R). Furthermore it is injective by
Corollary 15.5, and we leave it as an exercise to show that i* defines a homeomorphism
to its image (with its topology as a subspace of Spec(R)). Returning to the case when
S ={s"|ne€Z,n>0} for some s € R, we saw that this image is the open subset U, of
Spec(R) defined above.

EXAMPLE 27.9 Let R=Z and s = n for some n # 0. Recall from Example 27.1 that the
elements of Spec(Z) are (0) and (p) for prime numbers p. The closed subset V((n)) is
the finite subset of Spec(Z) whose elements are (p) for prime divisors p of n. The open
subset

U, ={(0)} u{(p)|p is a prime not dividing n }

of Spec(Z) is therefore homeomorphic to Spec(Zg), where Zg is the subring Z[1/n] =
{m/n*|m,k€Z,k>0} of Q.

Returning to the setting of an arbitrary multiplicative subset S of R, the image of
i* : Spec(Rg) — Spec(R) need not be open. Suppose for example that S = R \ Q for
some Q € Spec(R).

PROPOSITION 27.10 Suppose that S = R\.Q for some prime ideal Q of R, and leti : R — Ry
be the homomorphism defined by i(r) = r/1g. Then the image of the i* : Spec(Rg) —
Spec(R) is the intersection of the open subsets U C Spec(R) such that Q € U.

Proof. Suppose first that P is in the image of i*. By Corollary 15.7, this means that
PNS =10,ie. P C Q. We must show that if U is an open subset of Spec(R) such that
Q € U, then P € U as well. Since U is open, we have U = Spec(R) \ V(I) for some ideal
I of R, and since Q € U, we have Q € V(I), i.e., I ¢ Q. Since P C Q, it follows that I ¢ P,
ie,Pel.

Conversely suppose that P € U for every open subset U C Spec(R) such that Q € U.
In particular, for each s € S, we have Q € U, so P € U,, i.e., s € P. This proves that
PNS =0 (i.e., P CQ), so it follows from Corollary 15.7 that P is in the image of i*. [

EXAMPLE 27.11 Suppose that R =Z and S = Z \ Q, where Q = (p) for some prime p,
so Zg is as in Example 15.9. We saw that Zg has exactly two prime ideals, namely {0}
and pZg, so the image of i* : Spec(Zg) — Spec(Z) is the subset {(0),(p)}. Note that
this is indeed the intersection of the open subsets of Spec(Z) containing (p) (since (0)
is in every non-empty open subset, and for each prime q # p, we have for example the
open subset U, containing (p) as an element, but not (q)). Furthermore the topology
on Spec(Zg) corresponds to the one arising from {(0), (p)} as a subspace of Spec(Z): its
open subsets are

8, {(0)} and {(0),(p)}

(but not (p), which is closed but not open).

7OFurthermore if g : T — U is another ring homomorphism, then we have (g o f)* = f* o g%, so we
can view Spec as defining a functor from the category of rings to that of topological spaces, but reversing
arrows (or contravariant), i.e., Rings — Top®. We will later see encounter more contravariant functors.
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Finally we remark that Proposition 27.10 partly explains the source of the termi-
nology “localisation.” If S = R \. Q, then Spec(R;) is identified with the intersection of
arbitrarily small neighbourhoods of Q in Spec(R), so it describes Spec(R) “locally” at the
point Q. Furthermore the type of relation described in Example 27.8 imparts a more
geometric perspective to this notion, applicable not only to rings arising in the conven-
tional framework of algebraic geometry (i.e., quotients of polynomial rings over fields),
but to arbitrary rings.

EXAMPLE 27.12 Prove the claim that if f : R — S is a homomorphism of rings, then
for each prime ideal Q of S, its preimage f'(Q) is a prime ideal of R, so we obtain a
function Spec(S) — Spec(R) defined by Q — f~!(Q). We obtain a morphism

Spec(f) € Hom,,(Spec(S), Spec(R))

in the category of topological spaces. Show that this makes Spec a contravariant functor
from Rings to Top.

28 Contravariant functors

Now fix N; for each homomorphism f : M — M ! of R-modules, we now instead
associate an R-linear homomorphism Exty(M’,N) — Ext,(M,N).

Recall that Extiz(M ,N)=H_,(C,), where (C,, 6,) is defined by applying Homgz(—, N)
to P, for any projective resolution P, M , and similarly Extli{(M ',N)=H_;(C.), where
(C!,8) is defined by applying Homg(—, N) to P/ for any projective resolution P — M.

By Lemma 21.9, there is a chain map 7, : P, — P. compatible with f (in the sense that
f oe =¢€"om,), and any two such chain maps are homotopic.

We now apply Homg(—,N) to 1, to get a chain map 0, : C, — C,. More precisely,
we claim that the R-linear homomorphisms
6;: C/ = Homg(P'.,,N) — Homg(P_;,N) = (;
f —_ fomn
define a chain map. Indeed the fact that 1), is a chain map implies that n_;od_;,; =
d’,, ,on_i foralli€Z, and hence

6i(6;(f)) = 6i(fony)=fon_jod iy
= fo d/—i+1 omn_jp1=0i1(f o dliﬂ) = 9i—1(5l{(f))

forall f € C 1/ = Homg(P" »N ). Therefore 6, induces an R-linear homomorphism on the
homology of the chain complexes:

6_;, : Exti(M’,N) = H_;(C.) — H_;(C,) = Ext,(M,N).

Again we need to prove that this homomorphism is independent of the choices made,

namely the projective resolutions P, —» M and P! M , as well as the chain map 7,
compatible with f (given by Lemma 21.9). Suppose then that we choose different pro-

jective resolutions Q, 5 M and Q. =5 M/, and let w, : Q, — Q’, be a chain map
compatible with f. Applying Homg(—,N) to Q,, Q) and w, then yields chain complexes
D,, D., and a chain map {, : D, — D,. We need to show that the resulting homomor-
phism ¢_;, : H_;(D.) — H_;(D,) corresponds to 6_; , via the canonical isomorphisms
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H_;(D.,) > H_;(C.) and H_i(D.) > H_;(C)); i.e. the diagram

H. (D) 5 H.(D.)
(48) IR 1

971',*

H (C)) — H,(C,)
commutes. Again let ¢, : P, — Q, denote the chain map as in (30), but with Q, instead
of P/, so that applying Homg(—, N) yields the chain map ¢, : D, — C, inducing the
isomorphism H_;(D,) — H_;(C,). Similarly let ¢/ : P/ — Q’, denote chain map giving
W, : D! — C! and hence H_;(D]) = H_;(C.). The commutativity of (48) would then
follow from a corresponding statement about the chain maps, i.e. the commutativity of

D:i)D,

(49) A .
c/ i C
o L
However it is not necessarily the case that v, o {, = 6, o ¢ ; what is true instead is that
the two composites are homotopic, and therefore induce the same homomorphisms on
homology.

To prove that they are homotopic, note that the two chain maps P, — Q/, defined
by the composites w, o ¢, and ¢, o7, are both as in Lemma 21.9 (for f : M — M),
and are therefore homotopic. Furthermore v, o {, is given by applying Homg(—, N)
to w, o ¢,, and similarly 6, o ¢’ is given by applying Homg(—,N) to ¢, o n,, so the
argument preceding Lemma 21.9 shows that they are indeed homotopic.

We have now shown that 6_; , : Ext;(M ''N) — Extlia(M ,N) is independent of the
choices made in its definition. We thus obtain a contravariant functor G = Ext}é(—,N )
from the category R-Mod to itself, where we let G(f) = 6_;, for f € Homg(M,M").
Indeed if f = id, then we may choose P, = P, and 1, = idp,, so that C, = C,, 6, =id,
and hence G(id,,) is the identity. Furthermore if f : M — M’ and f’ : M’ —» M" are
R-module homomorphisms, and 7} : P, — P. is chosen compatibly with f’ (where
p! s M"isa projective resolution), then 1/ o 1), is compatible with f o f. Applying
Homg(—, N) then yields chain maps 0, : C, — C,, 6. : C — C. such that 6, induces
G(f), 6. induces G(f’), and 8, o 8. induces G(f’ o f), from which it follows that G(f’ o
£)=6(f)o G(f").

Contravariant long exact sequence of Ext

Let us now fix an R-module N and consider the interaction between the con,travariant
functors G' = Ext,(—,N) and exact sequences of the form 0 — M R M’ AN M —
0. We leave it as an exercise to show that if P, — M and p! < M” are any projective

. . L . €
resolutions of M and M”, then there is a projective resolution’? P! — M such that each
P/ =P; ® P, and furthermore the obvious R-linear homomorphisms

¢;:P;—> P/ and ¢;:P/ - P/,

(so ¢;(x) = (x,0) and ¢!(x,y) = y) define chain maps ¢, : P, — P, and ¢, : P, — P
extending compatibly with f and f’ to the resolutions (as in Lemma 21.9).

7IWe caution however that the homomorphisms d! : P/ — P/, might not be the “obvious” ones.
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Applying Homg(—,N) to P,, P, and P. therefore yields chain complexes and chain
maps
Y,:C.—C, and . :C/—C!
such that G'(f) : Ext;(M',N) — EXtE(M,N) is the homomorphism ¢_; , : H_;(C]) —
H_;(C,), and similarly G'(f") = ¢y’ .- Furthermore the fact that P/ = P; @ P{” (with ¢;
and Lplf being the obvious inclusion and projection) ensures that the sequences

/

/’lpl

//w
O—>C C—>C—>0

are exact (also an exercise). We can therefore apply Lemma 18.7 again to deduce the
following:

COROLLARY 28.1 Suppose that N is an R-module, and let G! denote the contravariant func-
tor Ext,(—,N). If

0—MLmw L —o

is an exact sequence of R-modules, then there are R-linear homomorphisms ' : GI(M) —
G (M) such that the following sequence is exact:

GO
0— o &Y, ¢ )
G'¢)

GO(M) GO(M) NI
G(M) Gl(M) GZ(M”)—>

EXAMPLE 28.2 Consider the same exact sequence of Z-modules as in Example 22.2,

but now viewed as 0 — M —— M’ 2 M” —» 0, and let N = Z/2Z. Applying

Corollary 28.1 now gives a long exact sequence

0 0
0—s HornZ(Z/ZZ 227) % Homy (2, 2/22) % Homy (2, 2./27)

1 1
&, Ext!(2/22,7/27) gy Ext!(Z,Z/27) U Ext!(Z,Z/27)
31
— Ext*(Z/2Z,72/27Z) —> -~ .
Since Homy(Z, Z/27) can be identified with Z/2Z, Ext!(Z,Z/2Z) = 0 for all i > 0
(since, for example, Z is a projective Z-module), the exact sequence takes the form

G°(f) Go(f)

0— Z/27 — Z/ZZ 2/22. %> Extl(Z/zz 7./27.)
G'(f) _G'() 5
0% 0 L mxid(z)22, Z/2Z)—>O—>

—> 0 — Ext(Z/2Z,2/27) — 0 —> -

A similar argument to Example 22.2 produces the same conclusions: Ext'(Z/2Z,7/27)
is isomorphic to Z/27Z, and Ext'(Z/27Z,7./27Z) = 0 for all i > 1.

29 Tor: definition and examples

One can view the functors Ext;'{(M ,—) as measuring the failure of (right)-exactness
of Homgz(M,—), and similarly Ext;'z(—,N ) as measuring the failure of (right)-exactness
of Homgz(—, N). They are examples of derived functors; we will not develop the general
theory of derived functors, but we will briefly discuss another example, namely Tor-
functors, which measure the failure of exactness of tensor products.

Recall (from the beginning of §19) that if M is an R-module and g : B — C is a sur-
jective homomorphism of R-modules, then id,; ®g is also surjective. In fact something
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29 Tor: definition and examples

stronger is true: the functor M ®g —, i.e. the functor F of Example 13.8, is right-exact.
We will prove this using properties of Homg(—, N).

Recall that the contravariant functor G = Homg(—, N) is left-exact (Example 20.9),

. f g . .
i.e. if A— B — C —> 0 is exact, then so is

G G
(50) 0 — Homgz(C,N) ﬁz Homg(B,N) iz Homg(A,N).

In fact we have the following converse:

LEMMA 29.1 A sequence A R B ¢c—0 of homomorphisms of R-modules is exact if
and only if the sequence (50) is exact for all R-modules N.

Proof. The “only if” direction is the statement that Homg(—, N) is left-exact (for all R-
modules N).

Suppose then that (50) is exact for all R-modules N. We will prove that A R B
C — 0 is exact by making some convenient choices for N.

To prove that g is surjective, let N = C/im(g). Recall that G(g) : Homg(C,N) —
Homg(B, N) is defined by ¢ — ¢ og. We have a canonical element of Homg(C, N) given
by the projection map 7: C — N. Moreover, this maps to zero in Homg(B, N) since wog
is zero as 7 vanishes on the image of g. So © € ker(G(g)), but the exactness of (50)
implies that G(g) is injective, so = = 0. On the other hand, 7 is surjective, so N = 0,
and therefore im(g) = C, i.e. g is surjective.

To prove that im(f) C ker(g), let N = C and consider id, € Homg(C,N). The
exactness of (50) implies that G(go f) = G(f)oG(g) =0, but (G(gof))(id.) =id;ogo
f=gof,sogof =0,ie. im(f) Cker(g).

Finally to prove that ker(g) c im(f), let N = B/im(f) and consider the quotient
map 7T : B— N. Then o f =0, so 7w € ker(G(f)), which coincides with im(G(g)) by
the exactness of (50). Therefore m = ¢ o g for some ¢ € Homg(C, N). It follows that if
b € ker(g), then n(b) = ¢(g(b)) =0, i.e. b €im(f). O

We will also make use of the following:

LEMMA 29.2 For any R-modules M, N and A, there is an isomorphism
Homg(M ®g A, N) —% Homg(A, Homg(M, N)),

which is “natural” in the sense’? that if f : A— B is a homomorphism of R-modules, then
the resulting diagram

G(idy ®
Homg(M ®g B,N) e Homgz(M ®3 A,N)

aBL aAl
F(f)

Homg(B,Homgz(M, N)) —— Homg (A, Homgz(M, N))

commutes, where G and F are the contravariant functors Homg(—, N) and Homg(—, Homz (M, N)).

72The isomorphisms a;, define what is called a natural isomorphism from the (contravariant) compos-
ite functor F o (M ®; —) to G. We have already seen other examples of natural isomorphisms of functors,
such as in Example 20.2, which defines a natural isomorphism between the identity functor on R-Mod and
Homg(R,—). There is also a similar, but more general, notion of a natural transformation from one functor
to another.
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29 Tor: definition and examples

Proof. We just sketch the proof since the details are tedious but straighforward.

If o : M ®;A— N is an R-linear homomorphism, then let
aa(p) : A—> Homg(M,N)

be the R-linear homomorphism sending a to the R-linear homomorphism M — N defined
by m— p(m®a), i.e.
((aa(@))(@))(m) = p(m ® a).

One then checks the following:
o (as(p))(a)isindeed an R-linear homomorphism, i.e. an element of Homgz (M, N);

o the resulting function a,() is indeed an R-linear homomorphism, i.e. an el-
ement of Homg(A, Homgz (M, N));

o the resulting function a, is indeed an R-linear homomorphism.

To show that a, is bijective, one constructs the inverse 3, as follows: for vy €
Homg (A, Homgz(M, N)), the function M x A— N defined by (m,a) — (y(a))(m) is R-
bilinear, so there is a unique R-linear homomorphism f,4(1) sending m®a to (y(a))(m).
The fact that a, and 4 are each other’s inverses is just a matter of unravelling defini-
tions, as is the commutativity of the diagram in the statement of the lemma. O

We are now ready to prove that M ®y — is right-exact:

. . f g .
PROPOSITION 29.3 The functor M ®g — is right-exact; i.e. f A— B — C — O is an
exact sequence of homomorphisms of R-modules, then so is the sequence

idy ® idy ®
MepaA 2 Mo, B Y Meyc—o.

Proof. Let N be an R-module, and let Q = Homgz(M,N). By Lemma 29.1 (more specifi-
cally, the “only if” direction applied to Q instead of N), the sequence
F F
0 — Homg(C,Q) 5> Homg(B, Q) - Homg(4,Q)
is exact (where F = Homg(—,Q)).

It then follows from Lemma 29.2 that the sequence

G(idy, ® G(idy ®
0 —> Homg(M ®5 C,N) "2 tomg (M &g B, N) ““25" Homy(M @A, N)

is exact.

Applying Lemma 29.1 again (now the “if” direction) implies that

idy ® idy, ®
MepA Y Mo, B Y Meyc—0

is exact. U

We have now shown that the functor F = M ®jy — is right-exact, so it is exact if and

F
only if M ®zA Q M ®B is injective for all injective R-module homomorphisms A L B.

However we saw in Example 19.1 that this can fail.
There are however R-modules M for which F is exact; such modules are called flat.
For example it follows from (13) that there is a (natural) isomorphism R" @z A = An

for all R-modules A, and it follows that R" is a flat R-module (if A L B is injective, then
so is the function A" — B" defined by f in each component). More generally the same
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30 Homology of simplicial complexes

argument shows that every free R-module is flat. Furthermore since every projective
R-module is a direct summand of a free R-module, one easily deduces that projective
modules are flat.

One can define functors measuring the failure of (now left-)exactness of F = M @z —
in a manner similar to the construction of Ext. More precisely, let P, —5 M be a free (or
projective) resolution, form the chain complex C, = G(P,), where G = —®y N, and let
Torf(M ,N) = H;(C,). Arguments similar to those for Ext show that this is independent
of the choice of projective resolution and functorial in both M and N. Furthermore
Torg(M ,N) can be identified with M ®z N. Rather than going into the details, we will
just give an example.

EXAMPLE 29.4 Let R = Z, M = Z/mZ and N = Z/nZ (where m and n are positive
integers). We have a free resolution of M with Py =7, P, =Z, P, =0 fori > 1, and d;
defined by d,(a) = ma:

d
50— 0—Z 57— Z/mZ —> 0.

Applying the functor G = — ®; N gives the chain complex C, with C; = P; ®; (Z/nZ).
Since Z ®, (Z/nZ) can be identified with Z/nZ, we can identify C, with the chain com-
plex

&
i —0—0—>Z/nZ —> Z/nZ — 0,

where 6, is the homomorphism corresponding to d; ®idy. Since a € Z /nZ corresponds
to a ® 1, and d;(a) = ma, we have 6,(a) = ma. It follows that im(6,) = dZ/nZ and
ker(8,) = d 'nZ/nZ, where d = ged(m, n), so that

e Torj(Z/mZ,Z/nZ) = Hy(C,) = (Z/nZ)/im(8,) is isomorphic to Z/dZ;

° Tor?(Z/mZ,Z/nZ) = H,(C,) = ker(8;) = d"'nZ/nZ is also isomorphic to

7./dZ;

) Torl.Z(Z/mZ, Z/nZ)=H;(C,)=0fori> 1.
Note that the description of Tor% (Z/mZ,Z/nZ) is consistent (in view of Example 12.4)
with the claim that Torg(M ,N) can be identified with M ®; N.

30 Homology of simplicial complexes

Recall that in §17, we computed the homology of certain chain complexes associ-
ated to graphs (see Examples 17.11-17.14). We defined the notion of a graph purely
combinatorially, but we can also view its homology groups as those of the associated
topological space, i.e. the one you draw to represent the graph. One can formalize the
intuition behind the construction of this topological space, and apply it in higher di-
mension to arrive at the notion of a “simplicial complex.” The associated topological
spaces will be built from k-simplices, where a 0-simplex is a point, a 1-simplex is a line
segment, a 2-simplex is a triangular region in a plane, etc. More precisely:

DEFINITION 30.1 Let k be a non-negative integer. The k-simplex, denoted A, is the
topological space

{ (%0, X175+, X)) ERF | xg + 37 + - x, = 1, X0, X1,..., % =0}

(with its usual topology as a subspace of R™).
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30 Homology of simplicial complexes

So in low dimension we can picture them as follows:

GD

where A, is the triangular region bounded by the three line segments.

Rather than consider the general theory of homology of topological spaces, we will
restrict our attention to ones built, via combinatorial input, out of k-simplices. One can
then define the homology groups directly from the combinatorial data, making their
calculation more explicit.

In the same way that the combinatorial description of a graph specifies the end-
points of each edge, the data of a simplicial complex will specify the lower-dimensional
simplices that comprise the boundary of each simplex. Note that the boundary of A;
consists of the points with at least one coordinate 0. The boundary is therefore com-
prised of the k + 1 subspaces, called facets, defined by setting each of the coordinates
equal to 0.

DEFINITION 30.2 Fori =0,...,k, the i" facet of A, denoted A(ki), is the subspace

{(x0,x1,.. ., xx) EAx|x; =0}

Note that (assuming’® k > 1) each facet Agj) is homeomorphic to the (k—1)-simplex
Aj_q via
a(ki) A — A(ki)
(205 X1sene s Xi1s Xig1s oo X)) = (X0>X15evs X150, X515+ X1)-
Furthermore if 0 < i < j < k, then the above homeomorphisms identify the i facet of

A(J) with the (j — 1) facet of A( D (ie. a(l) o ak] 11) = a(]) (l) o).

EXAMPLE 30.3 As can be seen from the third figure in (51), the boundary of A, consists
of the line segments A(ZO) (with endpoints (0,0,1) <« A(lo) and (0,1,0) «— A(ll) under
the identification with A;), Agl) (with endpoints (0,0,1) « A(lo) and (1,0,0) «— Agl))
and A(ll) (with endpoints (0, 1,0) « A(lo) and (1,0,0) < A(ll)).

EXAMPLE 30.4 The 3-simplex A, is a regular tetrahedron in R* whose four faces are the
four facets Ag), each of which can be identified with the 2-simplex A,.

We now define the type of combinatorial data to which we will associate topological
spaces and chain complexes.

DEFINITION 30.5 A (finite) simplicial (n-)complex is a sequence of (finite) sets Sy, Sy,

ey n, together with boundary (or face) functions fk 1Sy = Sy fork=1,...,nand
i= ., k such that
@ o (J) — f(G-D) f(l)
k—1° k—1
foralli,j,k suchthat 0 <i < j Skandk22.

73Note that Ag)) is the empty set; the natural convention would be to define A_; to be the empty set
as well.
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30 Homology of simplicial complexes

Before we give examples, we will explain how to build a topological space from a
simplical complex. We will only consider finite simplicial complexes (i.e. the sets S are
finite), although the definitions and constructions make sense without this assumption.

Firstly let X, = Ag x S with the discrete”* topology. Note that since A, is just a
single point, the product can be identified with S itself, as a (finite) set of points with
the discrete topology.

Now let X; = A; x S; endowed with the product topology, where A; has its usual
topology as a line segment, and S; has the discrete topology. Thus X is a (finite) disjoint
union”” of copies of A; indexed by the elements of S;. Thus if S; = {e;,...,e,} and
So ={v1,...,Vn}, then so far we have (writing A ; for Ay x {s}):

— A4,
>l
— Qg * Aoy
~ i A0,\/2
X]_ = { . XO = .
i AO,vn
L - Al’em

Now we define X; by “gluing” the boundary of X, to X, via identifications dictated by
the boundary functions fl(l) for i =0, 1. More precisely, letting Y; denote the boundary
of X, i.e.

Y, =1{(0,1),(1,0)} xS; = (AP uaPy x sy,

we have the function f3; : Y; — X, defined by ((0,1),¢e) — (1,f0(0)(e)) and ((1,0),e) —
(1, fl(o)(e)), i.e. sending the “initial” endpoint of the copy of A; indexed by e to the copy
of A, indexed by fl(o)(e), and similarly for “final” endpoints using fl(l). The resulting
topological space is best conveyed by the intuitive description of gluing each y € Y; to
B1(¥), but for a more formal definition, let X; be the quotient space (see Example 25.6)
of the disjoint union X; UX, by the equivalence relation generated’® by y ~ 8;(y) for
Yy S Yl'

We can then iterate this process. More precisely, suppose that 1 < k < n and X;_;
has been defined. We then let X; = A; x S (where S, has the discrete topology, so
X is a disjoint union of copies of A, indexed by the elements of S;), and let Y} =

(Uf:o A(ki)) x ;. be the boundary of X;. We can then define X, by gluing X, along Y}
to X;_; via the function f3; : Y3 — X;_; defined by ﬂk(a(ki)(x),s) = [(x,fk(i)(s))] (where
ag) was the homeomorphism identifying A;_; with Agj), and [(x, t)] € X;_; denotes the
equivalence class of (x,t) € X;_;), so we identify the i™ facet of the k-simplex indexed
by s with the (image in X;_;) of the (k—1)-simplex indexed by fk(i)(s). The compatibility
formula in Definition 30.5 is precisely what is required to ensure that ;. is well-defined:

74For consistency with the notation in the rest of the inductive construction, we could also denote X,
by X,, and view its topology as being the one on the product A, x S, (where A, and S, both have the
discrete topology).

7>The disjoint union is given the obvious topology: U is open if its intersection with each copy of A,
open.

76This is the “smallest” equivalence relation such that y ~ ;(y) for all y € Y;. So x ~ x’ if and only
if any of the following hold: 1) x = x’, 2) x € ¥; and x’ = ;(x) € Xy, 3) x’ € Y; and x = 5,(x") € X,, or
4) x,x’ €Y, and B;(x) = B, (x").
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if y = (ag)(x),s) = (ag)(x’ ),s) is in the intersection of two facets (with i < j) on the

U1y (i)

same simplex Ay ¢, then x = a;’ ") and x’ = =a,

Breoa(x, £2()) = (", £FIPFP ) = (7, L P 60) = Bra (', £2(s)),
and therefore (x,fkl)(s)) ~ (x’,fk(j)(s)).

7, (x") for some x” € A_,, s0

Finally the process terminates with X,,.

EXAMPLE 30.6 A simplicial 1-complex is the same as a directed graph, with vertices

V =S, edges E = S;, and endpoints functions t, = 1(0) and t; = 1(1). The associ-

ated topological space X, obtained by gluing the endpoints of edges to the designated
vertices, is the one described by the diagram representing the graph.

ExamMPLE 30.7 Let Sy = {u,v,w}, S; = {e, f, g}, Sy = {a, b}, and define the functions
fe @ as follows:

s 2= =u D =v;

e Y@=y, PN =@ =w

o« @=£"0)=¢;

o £ @=f"(b)=F;

o )= £ (b)=¢
We leave it as an exercise to verify the formulas f(l) U) = (j_l) o 2(1‘) for0<i<j<2

Now X,(= X,) is just a discrete set of three pomts, which we label by the corre-
sponding element of S;:

[ ] [ ] [ ]
u v w

Similarly X, is a disjoint union of three 1-simplices (i.e. line segments) labeled by the
elements of Sy:

e f g
We then form X; by gluing the endpoint (0,1) € Ago) on (the 1-simplex indexed by) e
to (the O-simplex indexed by) fl(o)(e) =u, (1,0) € A(ll) on e to fl(l)(e) = v, SO e runs

from u to v, and similarly f runs from u to w, and g from v to w. Systematically using
arrows to indicate the direction on each 1-simplex from (0, 1) to (1,0), we can therefore

picture X; as follows:
e i i 4
u w

f

Similarly X, is a union of two 2-simplices; again for consistency, let us add arrows to the

three 1-simplices A( 9 on their boundaries to indicate the direction from the endpoint’’
(0,1) to the endpomt (1,0):

(0,1,0) (0,1,0)
© @ ©) @
AZ AZ A2 AZ
62 ( (1,0,0) ) (1,0,0)
0,0,1 1,0,0 0,0,1 1,0,0
) AD ( AD

2 2

77More precisely, the one to which it corresponds under a(‘).
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Finally we form X, by gluing the boundary of the 1-simplex labeled a to X;, sending
Ago) to fZ(O)(a) =e, Ag) to fZ(D(a) = f and Agz) to fz(z)(a) = g, and similarly for b.
Thus X, is homeomorphic to the sphere S? = {(x, y,2z) € R3|x? + y? + 22 = 1}, with
A, 4 corresponding to one hemisphere, A, j, to the other, and X; to the equator.

Let us now explain how to associate a chain complex to a simplicial n-complex
So,S1,---,Sy, with boundary functions fk(l) 1S = Sg—q. For k =0,...,n, we let G
denote the free Z-module on S, and we define d; : C, — C;_; (for k > 1) by’®

k

di(s) = D (- ).
i=0

We leave it as an exercise to show that the compatibility condition on the k(l) in Defini-
tion 30.5 ensures that (C,,d,) is indeed a chain complex (with C;, =0 unless0 <k <n
and d;, = 0 unless 1 < k < n). Since C, is a chain complex, we can define its homol-
ogy H;(C,). If one first sets up the theory of (singular) homology of general topological
spaces, then it turns out that the homology of the space associated to a simplicial com-
plex coincides with that of the chain complex we have just constructed. We could define
the homology of the topological space associated to the simplicial complex to be H;(C,),
but this would sweep an important fact under the rug, namely that if two topological
spaces are homeomorphic, then the associated homology groups (in each degree) are
isomorphic.

EXAMPLE 30.8 If we view a simplicial 1-complex as a graph, then the chain complex
we just constructed is the same as the one considered in §17, almost. The Z-modules
C; are the same as the M; already defined, but the sign convention in the definition of
d, is different. In §17, we defined d,(e) to be t;(e) — ty(e) for e € V = Sy, but recall
that we related simplicial 1-complexes to graphs by identifying t;(e) with fl(l)(e), SO
now we have d;(e) = ty(e) — t;(e). This does not however affect the homology, since
ker(d,) = ker(—d; ) and im(d;) = im(—d; ), so the conclusions in Examples 17.11-17.14
are also valid with the sign conventions we are using in the more general setting.

EXAMPLE 30.9 Consider the simplicial 2-complex of Example 30.7. The associated chain
complex has the form

i 0—>0—Cy—C —> Cp—> 0 —> -+,

where

Co=Z-a®Z-b;
Ci,=Z-e®Z-fOZL-g;
Co=Z -u®Z-veZzZ-w,
di(e)=u—v,di(f)=u—wand d,(g)=v—w;
dy(@) = dy(b)=e—f +g.
We leave it as an exercise to show that
e By={ku+Lv+mwl|lk+L+m=0},
®Zy=B=Z-(e—f+g),
e 7Z,=7-(a—Db),

78Again we write simply s (instead of e,) for the basis element of C; corresponding to the element
sE€S;.
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and to deduce that
~ [ 2z, ifi=0o0r2;
Hi(C) = { 0, otherwise.

ExXAMPLE 30.10 Let S, = {u,v}, S; ={e, f, g}, So = {a, b}, and define the functions fk(i)
as follows:

e fO =0 =u £ =v;
« PO =RN) =@ =;
o ) =e fO)=f;

o I =1, FN ) =¢;

2 2
o« @=£70) =g
We leave it as an exercise to show that this does indeed define a simplicial 2-complex.
The space X, consists of two points, and X; can now be pictured as follows:

Again X , is a union of two 2-simplices (exactly as in Example 30.7; see (52)), but to
visualize how its boundary is glued to X;, it may be easier to depict X; as the quotient
of the space represented by the graph:

where we glue the two edges labeled e to each other and similarly for f (with orienta-
tions preserved so the two vertices labeled u are identified, and similarly for v).

Now gluing the boundary of the 2-simplex labeled a (in 51) to the triangle on the
left, and similarly the one labeled b to the triangle on the right (now with (0,0,1) as u,
(0,1,0) as the v at the bottom, and (1,0,0) at the top), we obtain the space X,. This
can be visualized as a hemisphere, but with the identifications made along its boundary
(i.e. the equator) as in the description of X;; more precisely, the resulting space X, is
homeomorphic to the quotient H2/ ~, where H? is (for example) the upper hemisphere
{(x,y,2) € S|z > 0} and the equivalence relation is defined by (x, y,z) ~ (x’,y’,2)
if either 1) (x,y,2) =(x’,y’,2)or2) x=—x', y =—y’ andz =2" = 0.

This can also be viewed as the quotient of the sphere S under the obvious action of
the group {£1} (i.e. € - (x,y,2) = (ex, ey, €z)). Indeed the composite ¢ : H> — S —
{£1}\S? (of the inclusion with the quotient map) is continuous, and ¢(x) = (x') if
and only if x ~ X/, from which it follows that there is a continuous bijection X, — S2.
One can check directly that this bijection also sends open sets to open sets, or use the
general fact from topology that a continuous bijection of compact Hausdorff spaces is
a homeomorphism. Finally recall that we have seen this space before; it was (the case
n = 2 of) an exercise to prove that {£1}\S? is homeomorphic to the projective plane
P2(R) considered in Example 25.30.

We can then proceed as in Example 30.10 to compute the homology H;(C,). We
now have
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C,=Z-a®Z-b;
Ci,=Z-¢e®Z-fOZ-g;
Co=Z-ue®Z-v;
di(e) =d;(f) =u—v and d,(g) = 0;
dy(a)=e—f+ganddy(b)=f —e+g.
We leave it as an exercise to show that
* By=2Z-(u—v),
©Z1=Z-(e—f)®ZL-g,
* By =Z-(e—f+g)®Z-(f—e+g),
® 7, =0,
and to deduce that

Z, ifi=0;
Hi(c)={ z/2z, ifi=1;
0, otherwise.
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